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A New Theory of Collineations and their Lie Groups. 

By H. B. Newson. 



Introduction. 



1. Among the groups of transformations discovered by Lie and used by him 
to illustrate his theory of continuous groups, the most important by far are the 
projective group and its subgroups. But a projective transformation, or colline- 
ation, may be studied synthetically as well as analytically, and hence arise the 
possibility and the desirability of a purely geometric theory of collineations and 
their groups. This consideration has led the writer to seek to develop such a 
theory. The investigation has been undertaken in the spirit of the following 
from Klein's " Brian gen Program " : 

"Es ist zwar immer an der Forderung festzuhalten, dass man einen mathe- 
matischen Gegenstand noch nicht als erledigt betrachten soil, so lange er nicht 
begreiflich evident geworden ist, und es ist das Vordringen an der Hand des For- 
malismus eben nur ein erster aber schon sehr wichtiger Schritt." 

Consequently, the present memoir is in no sense to be regarded as a contri- 
bution to Lie's theory of continuous groups, but its object is rather to set forth 
an independent geometric theory of the projective group of the plane. Starting 
with Lie's concepts of Transformation and Group, I have developed a new theory 
which is not based upon the infinitesimal transformation. A similar theory has 
already been published* by the writer for the projective transformations of the 
points on a line and the extension of the theory to the projective group in three 
dimensions is an easy and natural step. 

Certain theorems and results reached in the above-mentioned paper will 
recur here, and reference will usually be made to that paper. Two important 

•"Continuous Groups of Projective Transformations Treated Synthetically." Part I. Kansas 
University Quarterly, vol. IV, pp. 71-93. 
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theorems on projective transformations in one dimension not found in the above 
paper will be frequently used and will be proved when introduced. 

§1. — Perspective Collineations. ; their Properties and Lie Groups.* 

2. Construction of a Perspective Collineation of the Plane. Let p and p' be 
two planes intersecting in a line I and making any convenient angle with one 
another. From 0, a point not in either plane, draw a bundle of rays each inter- 
secting^) and y. Any ray a of the bundle cuts^> and p' in the points P and P', 
a pair of corresponding points in the two planes. In this way the field of points 
on p is projected into a new field of points on pi. If, now, p' be revolved about 
I until it coincides with p, the two fields of points, i. e. the original field and its 
projection on p', may be considered as existing in the same plane. 

The result of these two operations of projection and revolution is to shift the 
points of the plane p into new positions so that there is a one-to-one correspon- 
dence between the old and new positions of the points. Evidently, the right 
lines of p are also shifted into new positions and remain right lines after the 
operation. Any operation which transforms points into points and right lines 
into right lines is called a collineation, or projective transformation, of the plane. 
The most simple form of a plane collineation is the one constructed above, and 
is called a perspective collineation. We shall use S to denote a perspective col- 
lineation. 

3. Invariant Figure of S. Any point or line of p which, after the opera- 
tion S, coincides with its corresponding point or line, is said to be invariant 
under S. Evidently, from the construction, every point on I is an invariant 
point of S. The perpendicular from on the plane bisecting the angle pip' 
cuts p in A and p' in A' ; the revolution about I brings A' to A , so that A is also 
an invariant point of S. 

Let B be any point on I; the lines g and g' joining A and B, A' and B 
respectively are corresponding lines in the two planes. The revolution about I 
makes g' coincide with g, so that g is an invariant line of S. In like manner 
every line through A is an invariant line of S. Every invariant line has on it 
two invariant points, viz. A and the point where it crosses I. 

•Many of the properties of perspective transformations contained in §1, were given in Professor A. 
Emch's dissertation, " On the Continuous Groups of Perspective Collineations in the Plane," published 
in the Kansas University Quarterly, Vol. V, pp. 1-86. 
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Every pencil of rays whose vertex is on I is invariant under 8. Every 
invariant pencil of this sort has in it two invariant rays, viz. I and the ray 
through A. It should be noted that the invariant figure of 8 is a self-dualistic 
figure. The point A and the line I are called the vertex and axis respectively of 
the collineation 8 ' . 

Theorem 1. — A perspective collineation S leaves invariant a self-dualistic figure 
consisting of a point A, every point on a line I, every line through A, and every 
pencil of rays with its vertex on I. 

4. Characteristic Gross-Ratio of 8. Let q be the plane determined by 
and I, and let r be the plane through I parallel to OA; let h be the cross-ratio 
of the pencil of planes I (qrpp') . Every line of the projecting bundle through 
is cut by these four planes in ranges of four points, all of which have the same 
cross-ratio 7c. Any selected ray a of the bundle cuts these four planes in the 
points 0, Q, P and P respectively, and the cross-ratio a(OQPP') is equal to k. 
If, now, every ray of the bundle be projected orthogonally on the plane p by 
lines parallel to OA, the four points 0, Q, P, P' will be projected into 
A, B, P, Pj and the cross-ratio (ABPPj) = &. In like manner the cross-ratio 
of the two invariant points and every pair of corresponding points on every 
line through A is constant and equal to 7c. 

Thus the perspective collineation S produces a one-dimensional projective 
transformation along every line of the plane through A, and the characteristic 
cross- ratio has the same value along all these lines. In like manner 8 pro- 
duces a one-dimensional projective transformation in every pencil of lines with 
its vertex on I, and evidently the characteristic cross-ratio has the same value h 
in all these pencils. 

Theorem 2. — A perspective collineation 8 is completely characterized by its 
invariant figure and a cross-ratio k which is the same along all invariant lines 
(except I) and through all invariant points (except A) . 

5. One-Parameter Group of Perspective Gollineations. The perspective col- 
lineation 8 is not the only one that can be constructed which leaves invariant 
the figure (A, I). Take 1( a second point on OA, and proceed as before to 
construct a second collineation 8 X . The invariant figures of 8 and 8 X will be the 
same, but the cross-ratios k and k t will not be the same; for the reason that the 
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cross- rati os of the axial pencils l(qrpp') and l(girpp'), where q t is the plane 
determined by I and lt are not the same. Thus we see that an unlimited num- 
ber of perspective collineations can be constructed, leaving invariant the figure 
(A, I). 

Consider, now, the operation whose effect on the points of the plane is 
equivalent to the effect of the successive operations of /Sand /S,. Since S and /Si 
both transform points into points and lines into lines, their resultant must be a 
collineation ; and, since S and S l both leave the figure (A , I) invariant, their 
resultant must also leave (A, I) invariant, and hence is a perspective collineation. 

Let S transform the point P into P x ; the points P and P a are collinear with 
A and their joining line cuts I at some point B. Let /Si transform the point P x 
to P 2 ; A w iU a l so lie on the line AB. The resultant of /Sand /Si is S 2 , a per- 
spective collineation which transforms the point P directly to P 2 . This may be 
expressed by the equation SSx = S 2 . 

The characteristic cross-ratios of /S, $ and /S 2 are respectively h = (ABPPj) , 
k x = (ABPiPz) and 7% = (ABPP^. Expanding these equations, 

,_APAP 1 , _AP t AP 2 , _AP AP Z 
K ~BP : BP 1 ' ^-BPl'BP,' 2 ~BPBP i - 

AP 

Eliminating the fraction ^^ from the first and second by multiplication, we 

have 

^-BP'PP^ 2 - 

Thus we see that the cross-ratio of /S 2 is equal to the product of the cross-ratios 
of /S and /Si- 

We have now found that there are an unlimited number of perspective col- 
lineations leaving the figure (A, I) invariant, and that the resultant of any two 
of these is another of the same system. This is what is known as the group 
property, and hence we conclude that the aggregate of all perspective collinea- 
tions leaving (A, I) invariant is a group. The natural parameter of this Lie 
group is the characteristic cross-ratio k. 

Theorem 3. — The aggregate of all perspective collineations having the same 
vertex and axis is a Lie group of one parameter ; the natural parameter of the group 
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is the cross-ratio k ; the cross-ratio of the resultant of any two collineations of the 
group is equal to the product of the cross-ratios of the components, i. e.k % -=- Tiki. 

6. Properties of the Group Hi (A, t). For the sake of generality, we shall 
suppose that the point A and the line I are either real or imaginary, in general, 
imaginary. The points of the plane as P, P lt etc., are also either real or imagi- 
nary, and hence the cross-ratio h is, in general, a complex number. Evidently 
there is a collineation in the group, which will be designated by H X (A, I), for 
every value of k. 

The most important properties of the group may be enumerated as follows : 
If h — 1 in the cross-ratio h = (ABPPJ, P x must coincide with P, since A and B 
are separate points. Thus every point in the plane is an invariant point under 
this collineation, which is the identical collineation of the group. 

Two collineations of the group for which k and h\ have reciprocal values, 
have the effect of exactly neutralizing each other. Their resultant is the identi- 
cal collineation, and they are called inverse collineations. Every collineation in 
the group has an inverse also in the same group. 

There are two collineations in the group which are their own inverses, viz. 
those for which k = 1 and k = — 1 ; the first is the identical collineation and 
the second is called the involutoric collineation of the group. The effect of the 
involutoric collineation is to interchange every pair of corresponding points in 
the plane. 

All collineations in the group for which k = 1 + d, where d is an infinitesi- 
mal complex number, are called infinitesimal collineations of the group. Since 
d may be written in the form Be' , where varies from to 2n, we see that the 
group contains an infinite number of infinitesimal collineations. If the values of 
k are represented in the usual manner by points in the complex plane, the infini- 
tesimal collineations are represented by points infinitely near to the unity point 
and are distinguished according to the directions of their points from the unit 
point. 

Let the infinitesimal collineation k = 1 -f- Se iB be repeated n times ; the 
resultant is a collineation of the group for which k = (1 + &?")", a number which 
can be made to differ as much as we please from 1 by taking n sufficiently large. 
If 6 be constant, the locus of the point k, as n varies, is a logarithmic spiral about 
the origin. There is a separate spiral for each infinitesimal collineation of the 
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group. Every collineation, whose cross-ratio is represented by a point on one of 
these spirals, is said to be generated from the infinitesimal collineation of the 
spiral. These spirals all pass through the unit point and lie infinitely close 
together. There are two families of these spirals, one right-handed and the 
other left-handed. They cover twice over the entire plane, and hence every col- 
lineation in the group, except those for which 4=0 and k = oo, may be gene- 
rated from at least two infinitesimal collineations ; those for which k is real and 
positive may be generated from three infinitesimal collineations.* 

The two collineations for which k = and k = oo are essentially different 
in character from all other collineations in the group. Their corresponding 
points in the plane of k are the points toward which all the spirals converge 
without ever reaching them. The effect of the collineation k = is to transform 
every point of the plane, except A, to a point on I; the effect of the other one, 
k=z oo, is to transform every point of the plane, except those on I, to A. These 
two ^sewdo-transformations are called the essentially singular collineations of the 
group. 

A Lie group is defined to be continuous when every transformation in it 
can be generated from an infinitesimal transformation of the group. Hence the 
group of perspective collineations E X {A, T) is continuous everywhere except for 
& = and & = oo.f 

Theorem 4. — The one-parameter group of perspective collineations H x (A , T) is 
continuous everywhere in the plane of its complex parameter k, except at k = and 
k= oo. 

7. Resultant of Two Coaxial Perspective Collineations. Let S and S x be two 
perspective collineations having the same axis I and their vertices at A and A 1 
respectively. Let the line joining A and A x be V, cutting the axis I at B ; let & 
and &j be the cross-ratios of S and 8 X respectively. The resultant of S and S x is 
a collineation and leaves invariant every point on the axis I. The line I 1 is an 
invariant line of both S and S lt and is, therefore, also an invariant line of S 2 . 

* For a fuller discussion of this theory, see the Bulletin of the American Mathematical Society (2), 
vol. IV, pp. 118-114. 

f In his definition of a projective transformation, Lie explicitly lays down the condition that the 
determinant of the transformation shall not vanish ; this condition excludes from consideration the 
transformations of the group for which k = and oo. Lie's group thus defined is everywhere continu- 
ous for the reason that he has excluded the discontinuity points. 
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Along the line V we have two one-dimensional projective transformations whose 
invariant points are (A, B) and (A lt B) respectively. Their resultant is a one- 
dimensional projective transformation whose invariant points are A 2 and B, 
where A 2 is some other point on T. Since S z leaves invariant every point on I 
and the point A 2 , it must be a perspective collineation, and also must leave inva- 
riant every line through A 2 and every pencil with vertex on I. 

Since S s is a perspective collineation, it is characterized by a constant cross- 
ratio &2, which we wish to determine. Consider the pencil of lines through the 
point B ; the invariant rays of this pencil in all three collineations S, S t and S z 
are I and I'. The one-dimensional transformations of this pencil due to S and Si 
have cross-ratios k and hi; hence, the cross-ratio of their resultant is k x =kki. 
Hence, the cross-ratio of one of the invariant pencils of S 2 is h % = Tclci ; but it has 
been proved that a perspective collineation is characterized by a constant cross- 
ratio in all invariant pencils and along all invariant lines. Therefore, the char- 
acteristic cross-ratio of S z is everywhere equal to the product of the cross-ratios 
of S and Si . 

Theorem 5. — The resultant of two coaxial perspective collineations is a perspec- 
tive collineation having the same axis ; the characteristic cross-ratio of the resultant 
is equal to the product of the cross-ratios of the components. 

8. Resultant of Two One-Dimensional Transformations with a Common Inva- 
riant Point. From the last result we are able to infer an important theorem for 
one-dimensional projective transformations. Along the line V the two one- 
dimensional transformations have one invariant point B in common, and it was 
shown above that the cross-ratio of the resultant is equal to the product of the 
cross-ratios of the components. In every pencil with vertex on 7, except at B, 
the two one-dimensional projective transformations have only one invariant ray 
I in common and the cross-ratio of the resultant is equal to the product of the 
cross-ratios of the components. "We know also that this law of combination of 
the cross-ratios always holds good when the two invariant elements are in com- 
mon. We are able, therefore, to state the following theorem :* 

* This theorem properly belongs to the subject of one-dimensional projective transformations, but 
I had not observed it at the time the former paper was written. An analytic proof was given by the 
writer in Bulletin American Mathematical Society (2), vol. IV, p. 110. It was there shown that the 
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Theorem 6. — The cross-ratio of the resultant of two one-dimensional projective 
transformations, which have one or both invariant elements in common, is equal to the 
product of the cross-ratios of the components. 

9. Invariant Figure and Properties of an Elation. The vertex A 2 of the 
resultant of two coaxial perspective collineations may be anywhere on the line I'. 
We wish to examine the case when A z coincides with B. The cross-ratio of the 
resultant is given by (A 2 BPP Z ) — kk u When kk 1 = k 2 =l, either P= P 2 or 
J..; = B. In the first case, the resultant is the identical collineation ; in the 
second case, it is a special kind of perspective collineation in which the vertex A 
falls on the axis I. This special kind of perspective collineation is called an 
Elation. It is the resultant of two coaxial perspective collineations having dif- 
ferent vertices and reciprocal values of h . 

In the case of an elation, there is no longer a characteristic cross-ratio, for 
there are only three elements, e. g. B, P and P x ; but a new relation can be 
found between the segments BP and BP X . We shall suppose, for simplicity, 
that the line I' is perpendicular to I. When A and B are distinct points, we 
have h = (ABPPJ, whence ( APBP^) = 1 — Je. Expanding, we get 



1 — 1c or 



PB' AP X PB.AP l AB ' 

Writing AP t — AP for PP U we get 

AP, — AP __ l — h 
PB.APi. ~ AB ' 

Taking the limit of both sides of the last equation as A approaches B and setting 

I fa 

lim - . = a , we find the relation 

A=B AB 

-Bp + m =a or ■Fp=jb+ a > 

cross-ratio h 2 of the resultant of any two one-dimensional transformations is given by 

kj+\ _ kk,—k—k l +l ^i fe + fci 

where A = (4 1J 4BB 1 ), one of the cross-ratios of the two pairs of invariant points (AB) and (A I B I ) . 
When A = Aj or B =B, , or both are simultaneously equal, A = 1 and fc 2 = &*i • 
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where a is a constant for all pairs of corresponding points, because k is such a 
constant. Let P< be the point on V into which the point at infinity is trans- 
formed. Then 

1 — 1 j_ 

thus a is the reciprocal of the segment BP t . 

The elation 8' leaves invariant every point on the axis I; and every inva- 
riant pencil with vertex on I has only one invariant ray, viz. I. Let us consider 
one of these pencils with vertex at G on I. We have in the general case 
G {ABPP,) = k , whence C {APBP,) = 1 — &. Expanding this, 

sin {AGE) sin {PGP,) _ _ , sin {PGP,) _ 1—k 

sin {PGB) ' sin {AGP,) r sin {PGB) . sin {AGP,) sin {AGB) ' 

For PGP, write BGP, — BGP, whence, 

sin {BGP,) cos {BGP) — cos {BG P,) sin {BCP) 1—k 

sin {PGB) .sin {AGP,) sin {AGB) ' 

Take the limit of both sides as A approaches B and put 

r 1—k r AG{l — k) jj n 

lim . ,.--. = lim Vd —a.BG. 

A = Bsm(AGB) a=b AB 

We thus find — cot (5CP) + cot {B GP,) = BGa; let BGP =6, BGP, = 6,, 

and BC = a; we then have 

cot ^ = cot + aa. 

This relation is constant for all pairs of corresponding rays in any given pencil 
whose vertex is at a distance a from B. 

When the vertex of the pencil is at B, a = ; in this case 6, = 6, and every 
ray of this pencil is an invariant ray of S'. This is as it should be, for in a per- 
spective collineation 8, of which 8' is a special case, every ray through the 
vertex is invariant. 

Along every ray of the pencil through B we have a one-dimensional projec- 
tive transformation of the second* kind f, viz. with only one invariant point B. 

* There are two kinds of one-dimensional projective transformations ; the first kind has two inva- 
riant elements, and is designated by t, the second kind has one invariant element, and is desig- 
nated by t'. 
16 
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Along I", any ray of this pencil making an angle $ with I, the characteristic con- 
stant is not the same as along I'. Let g be the line through P parallel to I; S' 
transforms g into g x , the line through P x parallel to I. Let g and g x cut 1! in Q 
and Q 1 ; then Q is transformed by S' into Q x . Since AP — A Q sin $ and 
AP X = AQ X sin $, we have the relation 

An elation S' is thus seen to have properties quite different from those of a 
perspective collineation S. The invariant figure of S' consists of all points on I 
and all lines through A, some point of I. S' produces along all lines through A, 
and in all pencils with vertices on I, one-dimensional projective transformations 
of the second kind, viz. with only one invariant element. It is fully character- 
ized by its invariant figure and a constant a. 

Theorem 7. — The resultant of two coaxial perspective collineations with different 
vertices and reciprocal cross-ratios is an elation, having the same axis and its vertex 
collinear with the vertices of the components. An elation is completely determined by 
its invariant figure and a characteristic constant a . 

10. The Group E\(Al) and its Properties. The aggregate of all elations 
with the same invariant figure Al has the group property and forms a group as we 
proceed to show. Let A" and S[ be two such elations whose constants are a and 
a x respectively. The effect of 8' on a point P of the plane is to move it to P X 

such that jp = -j-g -f- a sin $ , where $ is the angle made by the line AP and I. 

The effect of S{ on P x is to move it to P 2 such that -j^ = -j-^ + a 2 sin 6. 

■A.P% AP\ 

Eliminating AP X from these equations, we find -j-^ = -j-^- + (a + a x ) sin 6 ; 

AP% AP 

hence, the resultant of S' and S{ is an elation with the same invariant figure and 

a characteristic constant a 2 = a-f a x . Therefore, the aggregate of all elations 

with invariant figure Al form a group H[ (Al) . 

The group H' x (Al) contains an elation corresponding to every value of a, 

which is, in general, a complex number. Let the values of a be represented by 

points in the complex plane. The following properties of the group maybe 

enunciated : 



Newson: A New Theory of Collineations and their Lie Groups. 119 

The group H{ {AT) contains one identical elation for which a = . The ela- 
tions of the group for which a and a x have equal numerical values but of oppo- 
site signs, are inverse to one another, and their resultant is the identical elation 
of the group. Every elation in the group has its inverse in the same group. 
The group contains oo 1 infinitesimal elations represented by the points adja- 
cent to the origin ; the corresponding values of a are he u . Let one of these 
infinitesimal elations be repeated n times ; its final resultant is an elation 
of the group for which a = nhe i9 . If is a constant, the locus of the point a as n 
varies is a half ray proceeding from the origin and making an angle with the 
axis of real numbers. Every elation of the group which is represented by a 
point on this half ray is generated from this infinitesimal elation. Each infini- 
tesimal elation of the group has its corresponding half ray, and these rays lie 
infinitesimally close together and cover the entire plane. Thus every elation in 
the group (except that for which a=oo) is generated from an infinitesimal 
elation of the group. Hence the group is continuous everywhere in the plane of 
its parameter a except at the infinity point. The elation corresponing to a = a> 
is an essentially singular elation of the group ; its effect is to transform every 
point in the plane, except those on the line I, to the vertex A. 

Theorem 8. — The one-parameter group of elations is continuous for all values of 
the parameter a except for a = oo . 

11. Number of Perspective Collineations and Elations. The number of per- 
spective collineations in the plane is determined by the number of one-parameter 
groups of the kind S 1 (A, I) and H{(Al). There are oo 8 lines and oo 2 points in 
the plane, and hence there are oo* combinations of line and point such as (A, I) 
and oo 3 lineal elements (Al) in the plane. Each of these figures is the invariant 
figure of a one-parameter group of perspective collineations ; in the case that the 
point A falls on I, the resulting group is a group of elations. Hence, there are 
in the plane oo 4 one-parameter groups of perspective collineations, oo s of which 
are groups of elations. Since each one-parameter group contains oo 1 collinea- 
tions, there are oo 5 perspective collineations in the plane, oo 4 of which are 
elations. 

We shall next concern ourselves with the question whether these oo 5 col- 
lineations form a five-parameter group, and what groups of order higher than the 
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first may be built up out of these oo 4 one-parameter groups. We shall first look 
for other groups of elations. 

12. The Group Hl(l). Let us consider the aggregate of all coaxial one- 
parameter groups of elations, I being the axis. Every point on I is the vertex of 
such a group, and hence there are oo 2 elations leaving invariant every point on I . 
To ascertain if this system of elations has the group property, we find the resultant 
of any two elations S' and S{ of the system. Let S' be taken from the group 
whose vertex is at A and S[ from the group with vertex at J. x ; let their charac- 
teristic constants be a and a a respectively. 

Let us first examine the effect of S' and S[ on the pencil of lines through G, 
a chosen point on I. S' produces in the pencil (C) a one-dimensional projective 
transformation of the second kind of which I is the single invariant ray. It j? 
and Pi are two corresponding rays of the pencil making angles and X with I, 
we have 

cot 0j = cot0 + aa. 

Let S[ transform p 1 to p z , where the angle between p z and I is 2 ; then we have 

the relation 

cot 2 = cot 0! -f a^i. 

Eliminating 0j from these equations by addition, we have 

cot 2 = cot -f- « 2 a 2 , 

where a z a z =^aa + a^. This shows that iS z , the resultant of S' and S[, is an 
elation whose axis is I and whose vertex is some point on I ; for it produces a 
one-dimensional projective transformation of the second kind in every pencil 
with vertex on I. Thus the group property is established and we have found a 
two-parameter group of elations, the parameters being a and a ; this group will 
be designated by H' z (I) . 

Let us next consider the effect of £' and S[ on the pencil whose vertex is 
at infinity on I. Since the rays of the pencil are parallel to I, S' transforms g 
into g x such that l/pi = llp + a, where p and p x represent the perpendiculars 
from I on the lines g and g x . S{ transforms g Y into g z so that 1 jp 2 = 1 fpi + aj ; 
eliminating j?!, we get l/p 2 = 1/p + <x 3 , where a a = «, + (»!. Thus the values 
of a 2 and a 2 are obtainable from the equations 

a 2 a 2 = aa + a x a x and a % = a + c^. 
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Since the values of a 2 and a z are unaltered when a and a lt a and a x are inter- 
changed, it follows that the elations of the group H% (I) are commutative. 

Theorem 9. — The doubly infinite system of elations having a common axis I 
forms a two-parameter group H' 2 (I) in which the elations are commutative. 

13. The Group H' 2 (A). We next consider the aggregate of all one-parame- 
ter groups of elations which have a common vertex A and whose axes are in 
turn every line through J.. We shall find that this system also possesses the 
group property. 

Since every elation of the system leaves invariant the point A and every 
line through A, it follows that the resultant of any two elations of the system 
must also leave this point and pencil invariant. Take any two elations of the 
system S' and $1 whose axes are the lines I and Zj and whose constants are a 
and ^ respectively. Along every invariant ray of the pencil the resultant of the 
two one-dimensional projective transformations of the second kind with common 
invariant point at A , is also one of the second kind having the same invariant 
point A. Hence £ 2 , the resultant of S' and S{, is also an elation with vertex at 
A and whose axis is some line 7 2 through A. The group property is thus estab- 
lished. 

In order to determine the value of a 2 and the position of the axis l 2 of S' it 
we proceed as follows : Along any chosen ray g of the pencil through A , the 
constants of /S', S[ and S% are a sin <£ , «i sin fa and a 2 sin fa, where <£> , fa and fa 
are the angles which g makes with I, l x and \ respectively. But the constant of 
the resultant is equal to the sum of the constants of the components; hence, 
a 2 sin fa = a sin <p + a x sin fa . 

Along Z 2 the resultant is an identical transformation and its constant is 0; 
hence, we have a sin (fa — fa) + a x sin (fa — fa) = . Expanding and collect- 
ing, we get 

(a cos $ + a x cos fa) sin fa = (a sin q> + a t sin fa) cos fa = a 2 sin fa cos fa, (a) 

whence, a cos <p -f- a x cos fa = a 2 cos fa. 
From the two equations 

a 2 sin fa = a sin q> + a a sin fa , and a 2 cos fa = acos$ + a y cos^j, (b) 
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we can calculate the values of a z and q> 2 . Thus : 



a 2 = Va 2 + a? + 2aa a cos (# — fa) . (c) 

When fa = fa, this reduces to a 2 = a + a x> which is as it should be. 

Evidently, from equations (b), the elations of the group L% (A) are commu- 
tative. 

Theorem 10. — The doubly infinite system of elations having a common vertex 
forms a two-parameter group H' z (A) in which the elations are commutative. 

14. No other Groups of Elations. There are only two other relative positions 
besides those discussed above in which two lineal elements Al and AJ X can be 
placed : 

1st. Let 8' and Si be two elations whose lineal elements Al and A& are so 
situated that J. a lies on I. The effect of 8' is to leave invariant A x and I, but 
no other line through A x . If, now, S[ operates on the points of the plane, it 
leaves invariant A x and I, but no other point on I. Hence, the resultant of 8' 
and Si leaves invariant A x and I but no other points on I and no other lines 
through A x . Therefore, the resultant S' % , although a collineation, is not an ela- 
tion ; and the aggregate of all elations whose invariant figures have this relative 
position, does not form a group. The resulting collineation in this case is very 
important, and will be discussed later. See article 62. 

2d. In the second case, let 8' and 8[ be two elations whose invariant lineal 
elements Al and A x l x are in the most general relative position. Let I and l t 
intersect in A 2 , and let the join of A and A x be \. The resultant of 8' and 8[ 
leaves invariant A 2 and l % , but not every point on 4- Hence, the resultant 8, 
though a collineation, is neither an elation nor a perspective collineation. There- 
fore, the aggregate of all the oo 4 elations of the plane does not form a group. 

Thus we see that there are only three kinds of groups of elations, viz. 
Hi (AT), fl2(QandfiJ(4). 

15. The Groups H 3 (l) and H 2 (lBl'). We found in article 7 that the 
resultant of 8 and ,$i, two coaxial perspective collineations, is, in general, a per- 
spective collineation # 2 whose axis is also I and whose vertex A 2 is collinear with 
A and A 1 ; and, furthermore, that Jcz=Mc 1 . From these results we may draw 
important conclusions : 1st, the aggregate of all coaxial perspective collineations 
has the' group property and forms a Lie group of three parameters, the param- 
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eters being h and the two coordinates of the vertex A ; 2d, the aggregate of all 
coaxial perspective collineations whose vertices are collinear, forms a two-param- 
eter Lie group, the parameters being h and one coordinate of J.. 

The first group, designated by H 3 (l), contains oo 2 one-parameter subgroups 
H X {A, I), one for each point in the plane. It also contains oo 2 subgroups of the 
second variety, designated by H z (IBl') , one for each line V in the plane. But 
two of these latter groups always contain one one-parameter subgroup in com- 
mon, viz. S 1 (A 2 , I), where A 2 is the intersection of V and l[. 

The group H 2 (IBH) contains co 1 subgroups Hi (A, I), one for each point on 
I' ; it also contains one subgroup of elations, viz. E{(Bl) ; the group H % (1) con- 
tains one two-parameter subgroup of elations, viz. E 2 (I) . 

Within the groups H s (I) and H 2 (IBl') the collineations are, in general, not 
commutative ; the value of h 2 is independent of the order of S and S lt but the 
position of A 2 is not independent of the order of S and S Y . 

Theorem 11. — The aggregate of all coaxial perspective collineations forms a 
three-parameter group H 3 (I) ; the aggregate of all coaxial perspective collineations 
whose vertices are collinear forms a two-parameter group H 2 {IBl') . The collinea- 
tions of these groups are not commutative. 

16. The Groups H 3 (A) and H 2 (ATB). We next proceed to find the result- 
ant of two perspective collineations S and # x which have a common vertex A 
and whose axes I and l x intersect in B. It is evident that the resultant S 2 leaves 
invariant A, B, and every line through A. Also the two one-dimensional pro- 
jective transformations in the pencil through B have one invariant I' in common, 
and hence their resultant leaves invariant I' and some second ray Z 2 through B. 
Since A, I' and every line through A are invariant, every point on l 2 must also 
be invariant under S 2 ; and hence S- 2 is also a perspective collineation with vertex 
at A. Thus the group property is established, and we infer that all perspective 
collineations with vertices at A form a three-parameter group E s (A) . Along AB 
and also through B we have h. 2 =.Je\, and hence the cross-ratio of S 2 is every- 
where given by h 2 = kk x . 

From the above discussion we also infer that all perspective collineations 
whose vertices coincide and whose axes are concurrent in B form a two-param- 
eter group, E 2 (Al'B). Evidently the group H 2 {Al'B) contains one subgroup of 
elations, E[ (AV) ; and E 3 (A) contains H 2 (A) as a subgroup. The collineations 
of these groups are not commutative. 
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Theorem 12. — The aggregate of all perspective collineations which have a com- 
mon vertex forms a three-parameter group, H 3 (A) ; within the group H 3 (A) all 
collineations whose axes are concurrent form a two-parameter subgroup, H^^Al'B). 
The collineations in these groups are not commutative. 

17. No oilier Groups of Perspective Collineations. We now proceed to show 
that the resultant of two perspective collineations, whose invariant figures are 
in any relative positions different from those discussed above, is not a perspec- 
tive collineation, and hence there are no other varieties of groups except the 
eight already found. There are four other cases to be considered where the 
relative position of the invariant figures of S and S x are different from those 
above. 

1st. Let the invariant figures (A, I) and (A x , ZJ be so situated that A falls 
on l x and A l on I; let the intersection of I and Z x be B 2 and the join of A and A x 
be l 2 . The resultant of S and S t leaves invariant the triangle (AA x B 2 ), but not 
every point on any side of it; hence, the resultant is not a perspective collinea- 
tion, and all perspective collineations in this relative position do not form a 
group. 

2d. Let the point A fall on l x but A x not on I, or vice versa; along l 2 , the 
join of A and A 1 , the two one-dimensional projective transformations result in 
another of the same kind, leaving invariant A and C, some other point on Z 2 . 
Thus the resultant leaves invariant a triangle (ACB 2 ) and is, in general, not a 
perspective collineation. 

3d. Let the points A and A x of the first case be collinear with B 2 ; the 
resultant collineation leaves invariant B 2 , A 2 some point on AA x and some line 
l 2 through B 2 . But every line through A 2 will not be invariant, nor every point 
on Z 2 . Hence, the resultant is, in general, not a perspective collineation. 

4th. Let the figures (A, I) and (A lt l x ) be in the most general relative posi- 
tion so that I and Z x meet in B 2 , the join of A and A x does not pass through B 2 
and A and A x do not fall on l x and I respectively. The resultant collineation 
leaves invariant a triangle (A 2 B 2 C 2 ), where A 2 and C t are points on Z 2 , but it is 
not a perspective collineation. Hence, the aggregate of all oo 5 perspective col- 
lineations of the plane do not form a five-parameter group. 

Therefore, there are no four- or five-parameter groups of perspective colline- 
ations, and no other kinds of one-, two- and three-parameter groups besides those 
discussed above. 
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18. Dualistic and Self-Dualistic Groups. From the dualistic character of a 
collineation, we infer that its fundamental invariant figure is self-dualistic. 
When there exists a group of collineations, leaving a certain figure invariant, 
there must also exist a second group leaving invariant a figure dualistic to the 
first. Two such groups are said to be dualistic to one another ; if the invariant 
figure of the group is a self-dualistic figure, the group is called a self-dualistic 
group. 

As examples, we may cite the following pairs of dualistic groups : H s (A) 
and E 3 (I) , E 2 {IBV) and ff z (Al'B) , B£ (A) and H' z (I) ; the one-parameter groups 
E X (A, I) and E[ (Al) are self-dualistic groups. 

This principle holds for all collineations of whatever kind, and hereafter, 
when the existence of a certain group has been proved, it will be assumed, with- 
out further proof, that the dualistic group also exists and has properties dualistic 
to the first. 

19. Resume of Perspective Collineations. In the following list, the structure 
of all groups of perspective collineations is indicated. A dash above a letter 
indicates that the line or point thus marked takes on different positions in the 
invariant figure of the group. Thus E' % (I) = oo E[ (At) indicates that the point 
A takes all positions on the line I. Dualistic groups are bracketed together, and 
self-dualistic groups are bracketed alone. 

\B'dAl)\, 

\E^(l) = ^E' x (Al) 
\ffi(A) = a> 1 Hl(Al) 
i E % (IBV) = *> l fli (A, I) + E{ (BV) , 
' 27 2 (ABl<) = <*> H x (A, T) + E> (Al/), 

E 3 (l) =**E 1 (A,l) + E>(l), 

E 3 (A) =*>*E 1 (A,1) + E>(A). 

§2. — Collineations with Invariant Triangle. Type I. 

A. — The Group G 2 (ABC) and its Subgroups. 

20. The Two-Parameter Group G 2 (ABG). The most general form of a col- 
lineation in the plane leaves invariant a triangle. Such a collineation is the 

17 
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resultant of two perspective collineations whose invariant figures are so situated 
that the vertex of each is on the axis of the other. Thus, let S and S x be two 
such perspective collineations whose invariant figures are (A, I") and (B, I') and 
whose cross-ratios are h and &j respectively. Let I" and 7' intersect in G and let 
the join of J. and B be I. S produces along the lines I and I' one-dimensional 
projective transformations whose cross-ratios are each h reckoned from A to B 
and G. (By this we mean that, if P and P x are two corresponding points on I, 
the cross-ratio k is that of the points taken in the order (ABPPj)). ^pro- 
duces along I and I" one-dimensional projective transformations whose cross- 
ratios are each equal to \ reckoned from B to G and A. Thus along I we have 
the resultant of two one-dimensional transformations whose cross-ratios reckoned 
from A to B are Te and 1/^; hence, the cross- ratio of their resultant is k/^. 
The three cross-ratios taken all in the same order around the invariant triangle 
(ABC) are kjk-L, \ and 1/k and their product is unity. 

Thus the resultant of two perspective collineations in this relative position 
is a non-perspective collineation which we shall designate by T. The funda- 
mental properties of T are as follows : Its invariant figure is a triangle (ABG) ; 
along each side of the invariant triangle there is a one-dimensional transforma- 
tion, and the product of the cross-ratios of these three transformations is unity 
when they are reckoned in the same order around the triangle; there is also a 
one-dimensional transformation of the pencils of rays through each vertex of 
(ABG), and the cross-ratios of these are the same as along the opposite sides. 
A collineation T is completely determined by its invariant triangle and its three 
cross-ratios. 

Since the product of these three cross-ratios is unity, only two of them are 
independent. These two independent parameters may assume all possible 
values, and hence we see that there are <» 2 different collineations of this type 
having the same invariant triangle (ABG). The resultant of any two of these 
collineations is evidently another of the same set, and hence the set forms a two- 
parameter group, which will be designated by G 2 (ABG). 

Theorem 13. — There are oo 2 collineations T, leaving one and the same triangle 
invariant; these form a two-parameter group G i (ABC); each collineation of this 
group is determined by the cross-ratios along the sides of the invariant triangle. 

21. One-Parameter Subgroups of G Z (ABG). We shall now show that the 
two-parameter group G % (ABG) contains oo 1 one-parameter subgroups. Let the 
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three cross-ratios along the sides AB, BG, and GA be k, \ and & 2 ; replace \ by 
k~ r and 1% by k r ~ 1 . The condition that the product of these cross-ratios around 
the triangle is unity is evidently fulfilled. A collineation T is now characterized 
by two constants k and r. Take from the group G % (ABG) two collineations 
T{k,r) and T x (k x , r x ) and form their resultant T t (k\,r^. Along the side 
AB we have k % —kk x ; along BG we have k^ r * = k~ r k x r • ; along (7J. we 
have/5#- 1 = #'- 1 &['- 1 . 

If, now, 7 and T x be so chosen that r x — r, we see that also r % -=-r . Thus 
k 2 = kk x , kj r =-k~ r k x r and k' 2 ~ 1 = k r ~ 1 k[~ 1 . Hence, the resultant of two col- 
lineations in G z (ABG) , for which the r's are the same, is a collineation with the 
same value of r. If r be kept constant and k made to vary, the resulting col- 
lineations have the group property and form a one-parameter subgroup of 
G-i {ABG). There is a one-parameter subgroup of G 2 (ABG) for every value of 
r ; thus the group Gz(ABG) contains oo 1 one-parameter subgroups, one of which 
is designated by G x (ABG)r. 

Theorem 14. — The two-parameter group G Z (ABG) contains oo 1 one-parameter 
subgroups G x (ABG)r; each subgroup is characterized by a constant r , and its 
variable parameter is k . 

22. The Path-Curves of G x (ABG)r. The analytic expressions for a one- 
parameter group G x (ABG)r can readily be written down. Let the triangle of 
reference be the invariant triangle (ABG), and let T be the collineation which 
transforms the point P = (x , y , z) to P x = (x x , y x , z x ) . T is characterized by k 
and r; the cross-ratio of the pencil G(ABPP X ) is k. 

In terms of the coordinates of P and P x we have 

x x x y x y ' z x z 

The effect of all the transformations of the one-parameter group G x (ABG)r 
upon a point P is to move it along a curve which is called its path-curve. There 
are oo 1 of these path-curves so situated that every point of the plane lies on one, 
and only one, of these curves. The equation of this family of path-curves is 
found by eliminating k from the above equations ; this gives 



x' 



r- 1 yz~ r = xr 1 y x z x r — G, or x r ~ l y = Gz r . 
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Thus the path-curves of the group G x (ABC) r are curves of order r and form a 
family whose parameter is C. 

Theorem 15. — When the invariant triangle is taken as the triangle of reference, 
the family of path-curves of a one-parameter group G x (ABC) r is given by 
x r ~ l y = Cz r , where r is a constant. 

23. Geometric Meaning of r. It is not difficult to determine, from the equa- 
tion of the family of path-curves, the geometric meaning of r. Take any point 
P = (a?!, y lt 2j) and draw a tangent at P to the path-curve through P and join P to 
the vertices of the triangle (ABC). The equation of the tangent to the path- 
curve at P is 

PT = x (r— 1) y x z x + yx x z x — rzx x y x = 0. 

The lines PA, PB, and PC are given by the equations 

PA = yx x — xy x = 0, 
PB—yz x — zy x — 0, 
PC = xz x — zx x = 0. 

The cross-ratio of the pencil P (BATC) is found to be r. It is evident that this 
cross-ratio r is a constant for every point on every path-curve of the group 
G x (ABC)r. 

Theorem 16. — The constant r in the one-parameter group G x (ABC)r is one 
of the cross-ratios of the pencil of four lines formed by a tangent to one of the path- 
curves and the three lines drawn from its point of contact to the vertices of the 
invariant triangle. 

Having the equation of the family of path-curves given in the form 
x r ~ 1 y= Cz r , their chief properties may readily be deduced. The curves will 
be algebraic or transcendental, according as r is a rational or irrational num- 
ber. The vertices of the invariant triangle are singular points on all curves of 
the family, when r is irrational ; one vertex is a singular point when r is rational, 
except when the path-curves are conies. 

24. Path- Curves when r=l, 0, oo. The path-curves of a one-parameter 
subgroup of G 2 (ABC) reduce to straight lines for three values of r, viz. 
r = (1 , 0, oo). Let r = 1 in x r ~ l y = Cz r , and we get a pencil of lines y = Cz 
through B; let r = and we get y = Cx, a pencil of lines through A ; let r = oo 
and we get x = Cz, a pencil of lines through C. 
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The three cross-ratios around the sides of the invariant triangle are respec- 
tively k, Jc~ r , & r_1 , starting from AB. When r = 1, these become k, k' 1 , 1 ; 
thus the one-dimensional transformation along GA is the identical transformation 
and every point on GA is an invariant point. Consequently, every line of the 
pencil through B is an invariant line. Hence, the subgroup of G 2 [ABC) for 
r = 1 is a group of perspective collineations. In like manner we see that when 
r = 0, we have a subgroup of perspective collineations with vertex at A and axis 
I" ; when r= », we have a third subgroup of perspective collineations. 

Take any two of these perspective groups, as for example H x (A, I") and 
H x (B, I') ; there are oo 1 collineations in each group, and hence there are oo 2 resul- 
tants obtained by combining each collineation of the one group with every one 
of the other. These oo 2 resultants constitute the group G 2 (ABG) ; in fact, every 
collineation in G 2 {ABG) is the resultant of two perspective collineations, one 
from each of the groups E x (A, I") and H^ (B, I'). Since there are three such 
subgroups of perspective collineations in G 2 (ABG), viz. E\ (A, I"), H x (B, I') 
and H x (G, I), it follows that every collineation in G 2 (ABG) is in three different 
ways the resultant of two perspective collineations. 

Theorem 17. — The group G 2 (ABG) contains three subgroups of perspective 
collineations, viz. the subgroups for which r = 1 , , oo . Every collineation in 
G 2 (ABG) is in three ways the resultant of two perspective collineations of the group. 

25. Path-Gurves when r = — 1, 2, 1/2. There are three other specially 
important subgroups of G 2 (ABG) ; these correspond to the values r— — 1, 2, 1/2. 
Putting r = — 1 in af -1 y = Gz r , we get^z = Gz* ; the path-curves reduce in this 
case to a system of conies having double contact at A and G. BA and BG are 
common tangents to the pencil of conies and AG is the chord of contact. In like 
manner, when r= 2, the path-curves are xy = Gz 2 ; when r = 1/2, the path- 
curves are xz = Gy 2 . These are also pencils of conies having double contact ; 
in each case two sides of the invariant triangle are common tangents and the 
third side is the chord of contact. 

Theorem 18. — The group G 2 (ABG) contains three special subgroups for tvhich 
the path-curves are conies having double contact ; these are the subgroups for which 
r = — 1, 2, 1/2. 

For any rational value of r , except the six special values 1, 0,<», — 1,2, 1/2, 
there are six subgroups for which the path-curves are algebraic curves of the 
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same order, viz. for r, 1/r, 1 — r, 1/(1 — r), (r — l)/r, r/{r — 1). Thus for 
r = 3 the path-curves are cubics, viz. x 2 y — Cz 3 ; the path-curves are also cubics 
for r = 1/3, — 2, — 1/2, 2/3, 3/2, and for no other values of r. 

26. Properties of the Group G x {ABC) r. Let the collineation T be a com- 
plex collineation, i. e. let the invariant points (ABC) be real or imaginary, and 
let the cross-ratios k, k lt k^ be complex numbers. The two parameters of the 
group G % {ABC) may be conveniently taken to be k and k', where k is the cross- 
ratio along AB and k' is that along AC. Then the cross-ratios of all collinea- 
tions which belong to the subgroup G^ {ABC) r satisfy the relation kf = k 1 ~ r , 
the constant r is, in general, a complex number. 

The independent parameter k of G x {ABC)r takes on all complex values, 
so that this group has many of the properties of the one-parameter group of 
perspective collineations. The identical collineation of the group G 2 {ABC) is 
given by k = 1 and k' = 1 ; this is contained in every one-parameter subgroup 
d {ABC) r. The group G x {ABC) r contains oo 1 infinitesimal collineations from 
which the group may be generated. For k = and k = oo the group has two 
pseudo-collineations; it is continuous everywhere except at the points & = and 
k = oo. 

The subgroups of G % {ABC) for which r is rational (and hence real) have an 
important property which is not possessed by the groups for which r is irrational. 
To exhibit this property we proceed to find all collineations common to any two 
groups G x {ABC) r and G x {ABC) r 1 . This is equivalent to finding all the roots 
common to the two equations k 1 = k l ~ r and Id = k l ~ r ' . Besides the identical 
and pseudo-collineations, these two groups have in common all collineations cor- 
responding to values of k which satisfy the equation & r-r '=l. If r is a rational 
number, 1 — r is also rational ; let even and odd integers be represented by e 
and o respectively, then we have three cases to be considered, viz. 1 — r = e/o, 
o/o, or o/e. In the first case, the equation kf = & 1-r is satisfied by the pair of 
values (—1,1); in the second case, by the pair ( — 1 , — l); in the third case, 
by the pair (1 , — 1). The collineation corresponding to the values k = — 1 and 
M = 1 is the involutoric perspective collineation belonging to the group ff 1 {B, I'). 
This involutoric collineation belongs to all subgroups of 6r 2 {AB C) for which r 
is rational with odd numerator and odd denominator. In like manner, the 
collineation corresponding to the pair of values ( — 1, — 1) is the involutoric 
perspective collineation belonging to the group Ei{A,l!'). This collineation 
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belongs to all subgroups of G 2 (ABC) for which r is rational with even numera- 
tor and odd denominator. The collineation corresponding to the pair of values 
(1, — 1) is the involutoric perspective collineation of the group ff 1 (G, I); this 
belongs to all subgroups of G t (ABG) for which r is rational with odd numera- 
tor and even denominator. None of these three involutoric perspective collinea- 
tions can belong to a subgroup of G % (ABG) for which r is irrational. 

Theorem 19. — Every one-parameter subgroup of G 2 (ABG) for which r is a 
rational number contains an involutoric perspective collineation. 

27. Number of Gollineations of Type I. We have seen that every collineation 
of type I leaves a triangle invariant and is further characterized by two indepen- 
dent cross-ratios h and Id. Every collineation of type I depends therefore upon 
eight parameters, viz. the six coordinates of the three vertices of the invariant 
triangle and these two independent cross-ratios. Since each of these parameters 
may assume oo 1 different values, we see that there are oo 8 collineations of type I 
in the plane. We are also enabled to distinguish two distinct kinds of variable 
parameters, viz. coordinates of invariant points and characteristic cross-ratios. 

Since there are oo 6 triangles in the plane, it follows that there are o° 6 such 
two-parameter groups as G 2 (ABG) in the plane. Hence, the group of all col- 
lineations in the plane G 9 contains oo 6 two-parameter subgroups G 2 (ABG). No 
two of these two-parameter groups can have a collineation of type I in common ; 
for, if two collineations T and T x are identical, the eight parameters of the one 
must be equal to the eight parameters of the other. Now, the two cross-ratio 
parameters of the one may readily be equal to those of the other ; but if the col- 
lineations leave different triangles invariant, all of the six coordinate parameters 
of the one cannot be equal to those of the other. Hence, T and T x cannot be 
identical. 

28. Three Glasses of Groups of Type I. Having now established the exist- 
ence of two-parameter groups of the kind G % (ABG) and their one-parameter 
subgroups Gi (ABG) r , we shall proceed in the following paragraphs to enumer- 
ate the groups of higher orders which can be compounded out of these one- and 
two-parameter groups. In so doing, we shall find three distinct classes of such 
groups, viz. (l) those which are made up of two-parameter groups of the kind 
G % (ABG); (2) another class of groups in which every collineation is character- 
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ized by the same value of r ; the groups of this class are made up of one-parame- 
ter groups of the kind G 1 (ABG) r in which r is a constant; (3) finally, a class 
of groups made up of one-parameter groups G 1 (ABG)r, whose path-curves are 
conies, i. e. where r = — 1, 2, 1/2. Strictly speaking, the third class is only a 
special case of the second class, but the special case is so important that these 
groups should be classified by themselves. 

B. — Groups of the First Glass. 

By the aid of the principle that all collineations which leave a certain figure 
invariant, form a group, it is not difficult to enumerate all of the subgroups of 
the general projective group G 8 that can be compounded out of the oo 6 two- 
parameter groups G z (ABG) in the plane. 

29. The Groups G t (l) and G 6 (A). There are oo 8 collineations of type I 
in the plane and only oo 2 lines in the plane ; hence, any line of the plane can be 
transformed into any other line or into itself in oo 6 different ways. The co 6 col- 
lineations which transform a line 1 into itself, form a six-parameter group G 6 (I). 
There are oo 4 triangles having the side I in common ; each of these triangles is 
the invariant triangle of a two-parameter group G 2 (ABC). Thus we see that 
(r 6 (Z) is made up of oo* two-parameter groups G % (ABG). 

In like manner, we see that any point A of the plane is the invariant figure 
of a six-parameter group G 9 (A). Each of the oo 4 triangles having A for one 
vertex is the invariant triangle of a two-parameter subgroup of G e (A) . The 
groups G t (l) and G 6 (A) are dualistic groups. (r 8 contains oo 2 subgroups G t (l) 
and also oo 2 subgroups G t (A) . 

Bach of these groups contains, besides collineations of type I, also collinea- 
tions of other types; but the collineations composing a group G t (I) or G (A) are 
chiefly of type I. After all the types of collineations have been investigated, 
the structure of all these groups enumerated under type I will be examined in 
detail. (See §5.) 

30. The Group (r 5 (Al). The general projective group C? 8 contains oo 3 sub- 
groups G 5 (Al), one for each lineal element in the plane. Each group G s (Al) is 
made up of «> 3 two-parameter groups G % (ABG) whose invariant triangles have one 
vertex and one side in common. Every group G 6 (I) contains oo 1 subgroups 
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G 5 (Al), one for each point on?; likewise each group G e (A) contains oo 1 sub- 
groups (r 5 ( Al) , one for each line through A . The group G b (Al) is self- 
dualistic. 

31. The Groups G i (AB) and (r 4 (ZZ'). The points AB and their join I form 
the invariant figure of a four-parameter group G i (AB). The group G s contains 

oo 4 equivalent subgroups G i (AB), one for each pair of points in the plane. A 
group Gi(AB) is composed of <x> 2 two-parameter groups <7 2 (ABC) whose inva- 
riant triangles have the vertices A and B in common. 

In like manner, G s contains oo 4 equivalent subgroups (r 4 (?Z'), one for each 
pair of lines in the plane. A group G t (IV) is composed of co 2 two-parameter 
groups G 2 (ABC) whose invariant triangles have one vertex and two sides in 
common. The groups (r 4 (AB) and G 4 (11!) are dualistic. (? 6 (I) contains <x> 8 
subgroups Gi(AB), also oo 2 subgroups Gi(W); (? 6 (A) breaks up in a similar 
manner. 

32. The Group (7 4 (A , I") . There are oo 4 combinations of point and line in the 
plane where the point is not on the line. Each combination of point and line is 
the invariant figure of a four-parameter group G t (A, I"). The group (7 4 (A, I") 
is composed of oo 2 two-parameter groups G Z (ABC) whose invariant triangles 
have a vertex and the opposite side in common. Thus we see that G g contains 

«= 4 equivalent four-parameter subgroups G 4 (A, I"); these groups are self- 
dualistic. 

33. The Group G z (ABl). Triangles oo 1 in number can be arranged with 
two of their vertices at A and B and their third vertex on a line AS. Bach of 
these triangles is the invariant triangle of a two-parameter group G i (ABC); 
these oo 1 two-parameter groups unite to form a three-parameter group G 3 (ABl 1 ). 

The group of all collineations in the plane G 8 contains oo 5 equivalent sub- 
groups G 3 (ABl 1 ) ; a group of this kind is self-dualistic. The group G t (AB) con- 
tains oo 1 subgroups of the kind G 3 (ABl 1 ), one for each line through A; also one 
such group for each line through B. The group <? 4 (IV) contains oo 1 subgroups 
of the kind G 3 (ABV), one for each point on V, and also one for each point on I. 

Theorem 20. — The group of all collineations in the plane G 8 contains eight sub- 
groups which are made up of two-parameter groups of the 7cind G 2 (ABC) ; these 
are G 6 (A), (7,(0; G 5 (Al); G,(A, I"), G,(AB), G^IV); G 3 (ABV) ; G t (ABC) . 
18 
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G. — Groups of the Second Glass. 

34. Groups in which r is Constant. We now proceed to the determination 
of groups of another variety, viz. those in which every collineation is character- 
ized by the same value of r. It has already been shown that the two-parameter 
group G 2 (ABG) breaks up into oo 1 one-parameter subgroups, each subgroup 
being characterized by a constant value of r . If we take all types of groups of 
the first class and in these keep r constant and let the other parameters vary, we 
will sometimes find subgroups by this process and sometimes not. The groups 
# 8 ; G,(t), <W); G,(At); G t (A, I"), G t (AB), G t {ff); G 3 (ABl>) must each 
be examined separately. 

35. The Group G 2 (ABl 1 ) r. The three-parameter group G 3 (ABV) is com- 
posed of oo 1 two-parameter groups G t (ABG); for we can construct an infinity 
number of triangles having two of their vertices at A and B and the third vertex 
G on the line V. Choose from each of these two-parameter groups the one param- 
eter subgroup characterized by a certain value of r. It can be shown that the 
aggregate of all collineations belonging to these one-parameter groups charac- 
terized by the same constant r forms a two-parameter group. Let us take two 
collineations T and T lt one from each of the groups G 2 {ABC) and G 2 (ABG 1 ), 
and find their resultant. The characteristic cross-ratios of Tare h,k~ r and k r ~ 1 
along the sides AB, BG, and GA respectively ; those of T x are 7c x , k x ~ r and k[ r ~ l) 
along the sides AB, BC lt and G X A respectively. The resultant of T(ABG) 
and Ti (ABG X ) is T^ (ABG 2 ), where G 2 is some point on the line AGG X or V. Along 
AB we have \ = kk x for the two component one-dimensional transformations 
have both invariant points in common. Along AGG X we have k T ~ x 7^ r-1 
= (kjc 1 ) r ~ l = &2 -1 5 f° r the two one-dimensional transformations have a common 
invariant point A. The two one-dimensional transformations of the pencil through 
the point A have both invariant rays in common, and are characterized by k~ r 
and k x ~ r respectively, hence their resultant is given by k^ r = (kk x )~ r and hence 
the transformation along BG 2 is also given by kf r . Therefore, the three charac- 
teristic cross-ratios of T 2 are &j, kf, and k 2 ~ l . 

Since these two collineations Tand 7^-, from different one-parameter subgroups 
but characterized by the same value of r, compound into a collineation belonging 
to another one-parameter group but with the same value of r, it follows that all 
the collineations belonging to these one-parameter groups with the same r form 
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a two-parameter group G 2 (ABV) r. There is one such two-parameter group 
within G 3 {ABU) for every value of r. 

Theorem 21. — The group G 3 (ABV) contains oo 1 two-parameter subgroups 
G 2 (ABl')r, one for each value of r. The groups G s (ABl') and G 2 (ABV)r have 
the same invariant figure. 

36. The Groups G 3 (U')r and G 3 (AB)r. In like manner it can be shown 
that the four-parameter group (? 4 (IV) can be split up into c© 1 three-parameter 
groups such that every collineation belonging to one of these three-parameter 
subgroups is characterized by the same value of r. Consider oo 2 triangles having 
common the sides I and V and the vertex A. Each of these triangles determines 
a two-parameter group G % (ABG); take from each of these two-parameter groups 
the one-parameter group characterized by a certain value of r. These oo 2 one- 
parameter groups form a three-parameter group every collineation in which is 
characterized by the same value of r. To prove this, take two collineations 
T from G 2 (ABG) and T t from G 2 (AB^). Let the three cross-ratios of The h, 
h~ r , Jc r ~ 1 and those of ^ be \, &f r , i'- 1 . The resultant of T and T x is T 2 . 
Along ABB X we have &j = JeJe u for the two one-dimensional transformations have 
the invariant point A in common ; along ACG X we have &/ _1 = h r ~ 1 k[~ l for the 
same reason. In the pencil through A we have kf — k~ r kf, for the two one- 
dimensional transformations have both invariant rays in common. Hence, the 
resultant T 2 has for its three cross-ratios & 2 , 7cf r , & 2 r_1 . 

Since the resultant of any two collineations of G t (W) which are character- 
ized by the same r is also characterized by the same r, it follows that all 
collineations in G 4 (W) which have the same value of r form a subgroup G 3 (ll')r. 
There is one such subgroup in 6? 4 (IV) for every value of r. The four variable 
parameters of G 4 (IV) are the segments AB and AC, k and r; if r be kept 
constant and the other three parameters be made to vary, we obtain the subgroup 
G 3 (IV) r. 

In a similar manner it may be shown that the group 6r 4 (AB) contains »i 
three-parameter subgroups each characterized by a constant value of r. To 
prove this, consider oo 3 triangles having the two vertices in common and take the 
collineations T(ABC) rand T^ABCJr; their resultant is T t (ABO,)r. The 
details of the proof are left for the reader to supply. The two groups G 3 (IV) r 
and G 3 (AB) r are dualistic to each other. 
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Theorem 22.— The group I q\2b\ \ contains oo 1 subgroups j fy/Jm,.} > 
one for each value of r, 

37. The Group G t (Al)r. The five parameter group G & {AT), whose inva- 
riant figure is the lineal element J.? contains oo 1 four-parameter subgroups each 
characterized by a constant value of r. To show this, take two collineations 
T(ABG) r and T x (AB x G x )r, having the same value of r, from the two-parameter 
groups G 2 (ABC) and G 2 (AB X G x ) whose invariant triangles have the vertex A 
and the side I in common. The cross-ratios of 7" are h, h~ r , h r ~ x ; those of T x 
are Je x , Te x ~ r , k{~ x . Along ABB X we have 7<; 2 = M 1 , for these two one-dimensional 
transformations have the invariant point A in common. In the pencil through 
A we have h 2 T = h~ r h\~ r , for these two one-dimensional transformations have 
the ray ABB X in common. The third cross-ratio of the resultant T 2 must be 
&2 -1 , for the product of the three cross-ratios taken in order around the triangle 
must be unity. The three cross-ratios of T z are, therefore, k 2 , h % ~ r , 7<; 2 r_1 and its 
invariant triangle is AB 2 G 2 where 2? 2 is on the line ABB X . Thus the resultant 
of any two collineations in 6r 5 (Al), both characterized by the same value of r, 
is also characterized by the same r. Thus we see that the group 6r B (Al) con- 
tains oo 1 subgroups Gi {AT)r, one for each value of r. 

Theorem 23. — The group G 5 (Al) contains oo 1 four-parameter subgroups 
G A (Al) r, one for each value of r. These subgroups all have in common the same 
invariant lineal element. 

38. Subgroups of G± (A, I") , C? 6 (I) , G 6 (A) , G 8 . It is easy to show that the 
remaining groups of the first class, viz. G t (A, I"), G^l), G t (A), and G 8 do not break 
up into subgroups in the above manner. For example, combine two collineations 
Tand T x , characterized by the same value of r, from (r 6 (I) ; the invariant triangles 
of T and T x have the line I for a common side, but no common vertex. Along 
the invariant side I the law of combination Jc z = hTc x does not hold, because the 
two one-dimensional transformations have no invariant point in common ; hence, 
there is no reason why the resultant T z should be characterized by the same r as 
Tand T x . Like reasons hold in the case of the other three groups <r 4 (A , I"), 
(r 6 (A) and G s ; thus, in general, the three groups G 4 (A, I"), (•?„ (A), and Cr 6 (I) 
do not break up into subgroups characterized by a constant r. There is, however, 
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one exceptional value of r for which these three groups each yield one subgroup. 
This exceptional case will be discussed later. See articles 44 and 45. 

39. Critical Values ofr. The six critical values of r, viz. r = 1, 0, oo, — l, 
2, 1/2 are to be excepted for each of these groups of the second class. For 
r= 1, 0, oo the collineations are all perspective collineations and the groups 
corresponding to these values of r are groups of perspective collineations. For 
r= — 1, 2, 1/2 the path-curves are conies and the resulting groups belong to the 
third class to be considered below. 

Theorem 24. — There are Jive, and only five, varieties of groups of the second 
class, viz. <?! (ABC) r , G 2 (ABl>) r, G 3 (AB) r, G 3 (IV) r, G± (AT) r ; of these the 
two groups G 3 (AB) r and G 8 (W) r are dualistic and the other three are self- 
dualistic. 

D. — Groups of the Third Class. 

40. Groups whose Path-Curves are Conies. We come now to the considera- 
tion of the groups of collineations of type I which are made up of one-parameter 
groups whose path-curves are conies. The groups which we shall find are, in 
many instances, only special cases of the groups G 2 (ABl!) r, G 3 (AB)r, G 3 (W) r 
and G 4 (Al)r when r = — 1, 2, 1/2; but we shall find many groups which are 
not special cases of the above, and hence it is best, even at the risk of being 
tedious, to enumerate all varieties of groups of this class. 

There is only one variety of one-parameter group of this kind ; in this case 
the two common tangents to the conies and the common chord of contact form 
the invariant triangle. This group will be symbolized by Cj (K n ) . 

41. The Groups G 3 (K) and G 2 (AKl). Avery important group G 3 (K), 
with invariant conic K, can be built up as follows: <» 3 triangles can be con- 
structed consisting of two tangents to K and their chord of contact. Belonging 
to each such triangle is a one-parameter group G x (K n ) having K among its sys- 
tem of invariant conies. These oo 3 collineations, leaving K invariant, form a 
three-parameter group G 3 (K) by the principle that the aggregate of all collinea- 
tions, leaving a given figure invariant, forms a group. 

The group G 3 (K) contains oo 1 two-parameter subgroups which may be con- 
structed as follows : take a conic K and a tangent I to it at a point A of the 
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conic. We can construct oo 1 triangles having one vertex at A, another vertex at 
B on I, and a third vertex C on the conic such that AB and BG are tangents to 
K, and AG is the chord of contact. All one-parameter groups belonging to these 
triangles, whose path-curves are conies touching AB at A, have K among their 
invariant path-curves. Hence, these collineations, leaving invariant K, a point 
on K, and the tangent to iT at the point, form a two-parameter group G 2 (AKl). 
The two variable parameters of this group are the cross-ratio h and the position 
of the point G on the conic K. 

Theorem 25. — All collineations of the plane which leave a conic K invariant, 
form a three-parameter group G 3 (K) ; this group contains oo 1 two-parameter sub- 
groups G z (AKl) , one for each point on K. 

The groups G 2 (ABl) r, G 3 (AB) r, G 3 (W) r and G A (Al) r, where r = — 1, 
2, 1/2 are all special cases of those of the second class. Three of these groups 
of the same order differ only in the arrangement of the invariant triangles of the 
one-parameter subgroups G X (K„). 

42. The Group G 3 (S). There is still another three-parameter group of 
collineations composed of one-parameter groups G 1 (K n ). Take a lineal element 
Al and a pencil of conies S all touching I at A and having at A contact of the 
third order with one another. One property of this pencil of conies is that the 
polars of a point on I with respect to the pencil S coincide, and this common 
polar passes through A. A pencil of conies having contact of the third order is 
protectively transformed into a pencil of the same kind. We can construct oo 2 
triangles having one line AB along I, one vertex at A, and one vertex at Con 
one of these conies, so that BG is a tangent to the curve at G, and .AC is the 
chord of contact. Belonging to each of these triangles is a one-parameter group 
(?! (ABG)r = — 1 such that one conic of the pencil S is included in its family of 
path-curves. Every collineation in such a one-parameter group leaves invariant 
one of the conies of S and interchanges the other conies of S; hence, it leaves 
invariant the pencil S as a whole and the lineal element AL The aggregate of 
all collineations, leaving # invariant, forms a three-parameter group G 3 (S). 

Since the group G 3 (S) leaves invariant the lineal element Al, and the pencil 
of conies Shaving contact of the third order with Al, we see that G 3 (S) can be 
built up out of oo x two-parameter groups G % (AKl) , one for each conic in S. 
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Again, since the polars of any point B on I with respect to each conic of S coin- 
cide in V a line through A, we see that G 3 (S) is composed of oo 1 subgroups 
G t (ABV)r=l. 

43. The Structure of G A (Al) r = — 1 . The group (r 4 (Al) r = — 1 breaks 
up into subgroups in several different ways, and accordingly its structure is pecu- 
liar and worthy of special attention. 

There are <» 3 distinct conies touching I at A. This system of conies is com- 
posed of oo 1 nets ; each net contains oo 2 conies having contact of the second order 
at A, and hence all conies of the net have a common circle of curvature at A. 
Each of the circles touching I at A is the circle of curvature of such a net. 

Each net N is composed of oo 1 pencils S such that the conies of each pencil 
have contact of the third order at A. The polar of the point at infinity on I with 
respect to the conies of the pencil S is a line I' through A, the line of centres 
of S. Each line through A is the line of centres of one of the pencils of the 
net N. Since there are oo 1 nets N, each line through A is the line of centres of 

00 1 pencils S. The system of conies touching I at A is, therefore, composed of 

00 2 pencils S. 

Each pencil S is the invariant figure of a group G 3 (S), hence, there are oo 2 
such groups all contained within the group 6r 4 ( Al) r = — 1 . But since 
Gi(Al)r= — 1 contains oo 4 collineations and oo 2 subgroups G 3 (iS), it seems 
that two such subgroups as G 3 (S) and G 3 (S x ) must contain certain collineations 
in common. Let us consider two pencils of conies S and S x which do not belong 
to the same net JV. A given conic K of the pencil S is cut by each conic of S x in 
two points other than A. When the two points of intersection of K and K x 
coincide, the conies K and K x have double contact. Each conic of S has double 
contact with one, and only one, conic of S x . We wish to find the locus of the 
points of contact of corresponding conies of S and S x . 

The polars of a point B on I with respect to all conies of S is the same line 
I 1 through A . Thus the range of points on I and the pencil of lines through A 
are protectively related by means of S. In the same manner, by means of S lt 
the range of points on I is protectively related to the pencil of lines through A . 
These two pencils of lines being projective to one another, have two self-corre- 
sponding rays. One of these is I, since I is the polar of J. with respect to both 8 
and <Si. The other self-corresponding ray is a line I' through A. Hence, the 
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polars of a certain point B on I, with respect to both S and S lt coincide in V, 
and the locus of the points of contact of conies of S and Sx is 7, a straight line 
through A . Therefore, we see that the two three-parameter groups G 3 (S) and 
G 3 (Si) contain the same two-parameter group G z (ABV) r = — 1. 

On the other hand, if the two pencils S and $ belong to the same net N of 
conies having contact of the second order at A , the conies from S and $ cannot 
have double contact, and hence two such groups G s (S) and G 3 (S x ) have no col- 
lineations in common. 

In a certain net N there are oo 1 pencils S, Si, S z , etc. ; each of these pencils 
is the invariant pencil of a group G 3 (S„) . oo 1 such groups G 3 (S„), no two of 
which contain a collineation of type I in common, include all collineations 
of this type in G i (Al)r = — 1. It is easy to see that the oo 3 subgroups 
Gi (ABC) r = — 1 in G 4 (Al) r = — 1 are all included in the oo 1 groups G 3 (S n ) 
of the net N. If it be true that all collineations of type I in G 3 (Al) r = — 1 are 
included in the oo 1 groups G 3 (S n ) of the net N, then all collineations of type I 
in a group G 3 (S 1 ) , where S' is a pencil of conies not included in N, are to be 
found in the oo 1 groups G 3 (S n ) of the net N. In fact, if we take G 3 (S') in turn 
with each of the groups G 3 (S n ) of the net, we see that G 3 (S 1 ) has a two-param- 
eter subgroup G z (ABV) r = — 1 in common with each group G 3 (S n ) of the net ; 
the common subgroup G z (ABl 1 ) r= — 1 is different for each of the groups 
G s (S n ) of the net. In this way it can be shown without difficulty that every 
collineation of type I in G 3 (S 1 ) is also to be found in the net of groups G 3 (S n ) . 

Theorem 26. — The group G t (Al)r = — 1 contains oo 2 subgroups G 3 (S); two 
subgroups G 3 (S) and G 3 (Si) contain no collineation of type I in common when 
the two pencils are S and S x belong to the same net N; they have a subgroup 
G 2 (ABl) r = — 1 in common when S and S k belong to different nets. Each group 
G 3 (S) contains oo 1 subgroups G 2 (AKl), one for each conic in S. 

44. The Group G 3 (A, l")r= 2. It was remarked in article 38 that the 
group 6r 4 (A , I") does not break up into subgroups G 3 (A , I") r for all values of r ; 
but that one such subgroup exists, viz. G 3 (A, l")r =2. In order to prove this, 
we take two collineations T(ABG)r and Ti(AB x Gi)r characterized by the same 
value of r. Their invariant triangles (AB G) and (ABiG x ) have the vertex J. 
and the side I" opposite A in common. The cross-ratios of T are h, h~ r , k r ~ l 
along AB, i?(7and G A respectively; the cross-ratios of T x are k x , h\~ r and &i -1 
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along AB X , B X G X , G X A respectively. The resultant of Tand T x is T z and leaves 
invariant a triangle AB Z G Z , where B z and G z are some pair of points on the line 
BC or I". 

Introduce now an auxiliary collineation U, leaving invariant the triangle 
ABB 1 and characterized by X and r . We can show that the value of a, may be 
so chosen that the resultant of T and U leaves invariant the triangle ABB Z , 
while the resultant of U -1 and T x leaves invariant the triangle AB x G t . 

Since the invariant triangles of T and U are respectively ABC and ABB X , 
the resultant TU of T and U will leave invariant a triangle ABX, where X is 
some point on I". Since the invariant triangles of U~ x and T x are respectively 
AB X B and AB X G X , the resultant U~ 1 T of U~* and T will leave invariant a 
triangle AB X X X , where X x is some point on I". If % be made to vary through 
all values, the points X and X x will each assume in turn all positions on the 
line I". The two projective ranges, thus generated by X and X x , will have two 
self-corresponding or double points, D and D x , in common. Let h x be that value 
of a, for which X and X x coincide in D, and let U be so chosen that its charac- 
teristic constants are %. x and r. Since the invariant triangles of TU and U~ X T X 
are now AD X B and AD X B X , the invariant triangle of their resultant will be 
AD x iy. But this resultant is TUU~ X T~=- TT X whose invariant triangle is AB Z G % . 
Hence, the point D' is either B 2 or G z . In like manner, by choosing for X a 
value % % for which X and X x coincide at D x , it may be shown that D x is either 
B % or G z . Hence, /I may always be so chosen, and in two distinct ways, so that 
the resultant of Tand U leaves invariant the triangle ABB 2 , while the resultant 
of U~ l and T x leaves invariant the triangle AB X G 2 . 

The collineations STand T x , ZJand U~\ with their cross-ratios, may be writ- 
ten symbolically as follows : 

p <"°>= Li •£■£}' TAAB ^ =\ab-b^%1\- 

^ ABB HaB' BB< U ; U " iABB HAB- BB- 12 

v-'™^ £• ba\- 

Since the invariant triangles of T and U have two vertices in common, the 
parameters k and lc x combine according to the law hh x = 1% ; the same is true for 
19 
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U~ l and T lt and also for TU&nd U' 1 ^. Hence, we have 

TU(ABB 2 ) = j( 7 ^ , (**)"", W _1 | 
( AB BB 2 B Z A ) 



or 
and 



I jd-Si BiBa BoA ) 



AB, B X B. 

A 



or U- 1 T 1 (AB 2 B 1 )=\( Jc * r% *) , &*) , (*» ^ 

The resultant of TU Midi U~ l T x is TUU' 1 T t = TT X , and may be written 

l( 22) ~l ^ 2 ' 5^' G Z A r 

From this we see that the collineation TT X is not, in general, characterized by the 
same r which characterizes T and T, . For this to be true, the cross-ratios along 
B 2 G 2 and C 2 A must be equal to that along AB 2 raised to the power — r and 
r — 1 respectively ; i. e. we must have the two equations 

(&W = [(M 1 ) 1 " r X- r ]- r and (M 1 )- 1 ;i- r =[(M 1 ) 1 - r /l- r ] r - 1 . 

All these conditions are fully satisfied when, and only when, r 2 = 2r ; i. e. when 
r=0orr=2. Butifr = 0, T and T x are both perspective collineations, 
and their resultant is obviously also a perspective collineation. Hence, for 
collineations of type I we have only the result r = 2. 

Therefore, the resultant of two collineations T and T lt both taken from the 
group Gi(A, I") and characterized by the same value of r, is not a collineation 
characterized by the same r except when r = 2. Hence, the group (r 4 (A, I") does 
not break up into three-parameter subgroups, one for each value of r. But all 
collineations in G^A, I"), for which r = 2, do form a three-parameter group 
G s (A, I") r = 2. In this group h 2 is not equal to the product of h and h^ 

Theorem 27. — The group 6r 4 (A, I") contains one, and only one, three-parameter 
subgroup of the form G 3 {A, l")r, viz. G 3 (A, l")r=. 2. 

45. The Groups G 5 (l)r=z 2 and G 5 (A)r= 2. We shall now show in a 
manner similar to the above that the group G t (l) does not break up into sub- 
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groups G s (l)r for all values of r, but that one such subgroup exists for r= 2. 
Take two collineations T and T x thus : 

T(ABC)=Jc, k~ r , U- 1 and 7,(1^ = 1,, &r r > *T\ 

in which the triangles J.5C and A^Gi have one side Z" but no vertex in com- 
mon ; the resultant of Tand Tj is TT 1 (A i B z G i ) , where B 2 and (7 2 are a pair of 
points on I". Introduce a collineation £7" and its inverse IT* 1 as follows : 

where is the intersection of A r B x and AG. The resultants of Tand U, U~ x 
and T x are as follows : 

TU{XB l G) = {kX), (JcX)- r , {fay- 1 ; 

U-^iX&BJSfa X- 1 ), (kjr l )- r , {h*- 1 ) r - } 

or £r- l r 1 (x 1 ^o = (* l ji-- , ) 1 - r , (^- 1 ) r , (Mr 1 )- 1 . 

Here 31 is so chosen that the invariant triangles of TU and Z7 -1 7i have one ver- 
tex B 2 in common. The possibility of this may be shown as in last article ; the 
resultant of TV and TJ~ X T X is evidently TT X . 

In combining TU{XB 2 G) and Z7 -1 ^(X^Bj), we see that along the side 
BG or I" the two one-dimensional transformations have the invariant point B t in 
common ; through the point B z the two one-dimensional transformations of the 
pencil have the invariant ray I" in common. Thus, in both these cases, the law 
k\ = &j holds good. Hence, we have 

I A»D, -D2O2 t/o-d.. ) 



In this resultant collineation the cross-ratio along B Z G 2 is not that along A Z B 2 

raised to the power — r except for r =2 or . Thus, if (kk\ - r V)~ r — &~ r &pi -2r . 

we must have 

#—*,— = Apr*. 

This is satisfied when r 2 = 2r, i. e. when r = 2 or 0. But if r = 0, Tand 7\ are 
both perspective collineations. Hence, for collineations of type I, we have only 
the result r = 2. 

It may be shown in a similar manner that the resultant of two collineations 
T&nd T u taken from G 6 (A) and characterized by the same value of r, is also 
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characterized by this value of r only when r — 2. The proof is left for the 
reader. 

Theorem 28. — The group \ *y > contains one, and only one, Jive-param- 
eter subqroup of the land \ 5 ^ ' \, viz. the group \ B ^ ' ~~ [. 
y 1 J \G,(A)r) y *\G t (A)r = 2) 

46. Summary of Groups of Third Class. We have thus found eleven varie- 
ties of groups of the third class. Five of these eleven groups, viz. G 1 (ABC)r, 
G 2 (ABl')r, G 3 (AB)r, G 3 (lll)r, and Gi(Al)r, where r=— 1, 2, 1/2, are only 
special cases of groups of the second class. On the other hand, the six varieties 
of groups, viz. G 2 {AKl), G 3 (K), G 3 (S), G 3 (A,l")r=2, G,{T)r-2 and 
(r 5 (A) r = 2 are essentially of the third class. 

Theorem 29. — There are six distinct varieties of groups of the third class, viz. 
G, (AKl) , G 3 (K), G 3 (S) ,G 3 (A, I") r = 2, G 6 (I) r = 2 and G 5 (A)r~2. 

§3. — Collineations op Type II. 

A. The Group G' 2 {ABH) and its Subgroups. 

47. The Properties of a Collineation T. The kind of collineation which we 
shall call type II is most easily obtained as the resultant of a perspective colline- 
ation S (B, I') and an elation S 1 (Al). Let the invariant figures of S and S' be 
so chosen that B, the vertex of S, lies on I the axis of S 1 , but not at A ; also let 
V, the axis of S, pass through A the vertex of S, and let <£> be the angle between 
I and I'. Let the cross-ratio of S be Jc and the constant of S' be a. The 
resultant of S and S' leaves invariant the points A and B and the lines I and V . 
This resultant will be designated by T and its invariant figure by (ABU). 

Along the line I, S' produces an identical transformation i and S produces a one- 
dimensional transformation t, whose invariant points are J. and B, and whose 
cross-ratio is&; their resultant is t. Along I', S produces an identical trans- 
formation and S' a one-dimensional transformation t', whose single invariant 
point is A , and whose constant is a sin $ ; their resultant is t'. Through the 
point A S' produces an identical transformation i, and S& one-dimensional trans- 
formation t lt with two invariant rays I and I', and whose cross-ratio is h; their 
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resultant is t x . Through B, S produces an identical transformation i and & a 
one-dimensional transformation t[, with a single invariant ray Zand a constant 
aa, where a is the distance AB ; their resultant is t[ . Hence T produces along 
AB and through A , one-dimensional transformations with two invariant elements 
and the same cross-ratio k, and along I' and through B, one-dimensional transfor- 
mations with a single invariant element. 

If the cross-ratio along AB be h, in the direction from A to B, then that 
through A is also h in the direction from I' to I. The relation of the constants 
of the transformations along I' and through B is found as follows : Let the con- 
stant along I' be a' and that through B be /3 ; then a' = a sin <£> and /3 = aa. 

Hence, a' = ®/?. Hereafter we shall designate the constant along I' by a 

and that through B by (3 , implying the relation 

sin d> 
a 

48. The Group G' % (ABT). A collineation T is completely characterized by 
its invariant figure {ABU) and two independent constants h and a. It is evident 
that if Je and a be made to vary continuously, we have oo 2 collineations T' with 
the same invariant figure (ABl'). Two of these collineations, T(k,a) and 
T{(k lt aj), combine to form ^(^, a 2 ), where & 2 = M x and a t = a + aj. Jj has 
the same invariant figure as 7" and T 7 !. These oo 2 collineations, leaving (ABl') 
invariant, form a two parameter group G' % (ABl 1 ), the parameters being It and a. 

Theorem 30. — All collineations of type II, which have the same invariant figure 
(ABl' ) , form a two-parameter group G' z (ABl 1 ). 

49. One-Parameter Groups G[ (ABl') a. We shall now go on to show that 
the group G ! % (ABU) contains oo * one -parameter subgroups. The group G' z (ABl') 
depends on two independent parameters, k and a . Let us assume a relation 
between these quantities and consider only those collineations of the group 
G' % (ABU) for which h and a satisfy the assumed relation. Let k = a a , where a is 
some constant. 

Take two collineations, T'(k, a) and T^k^a^, belonging to G' 2 (ABl') and 
combine them to form T % (Je t , a 2 ) ; let Jc = a a and Jc x = a\ l . We have a 2 = a + a x 
and kz^khi, i. e. a? = a a a\ l = a a + "■ (oj/a)" 1 . If we put a 1 = a, we get 
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h % = a%> = a" 2 ; whence we see that a 2 = e^ = a. Therefore two collineations 
T' and T[, both characterized by the same value of a, result is a collineation also 
characterized by the same a. From this we see that all collineations of the 
group G' z (ABV), for which the parameters Tc and a satisfy the relation &= a°, form 
a subgroup of G' z (ABl 1 ) . This subgroup G[ (ABV) a is characterized by a con- 
stant a, and has only one parameter a ; it is therefore a one-parameter subgroup 
of G' % (ABV). Within G^(ABV) there are oo 1 such subgroups, one for each value 
of a (except a = 0) . 

50. The Path-Curves of G[ (ABV) a. The effect upon a point of the plane of 
all the collineations of the group G[(ABV)a, is to move it along its path-curve. 
The equation of the family of path-curves of the group G{ (ABV) a is readily 
obtained as follows : In the fundamental figure ABV, let the line AB be the axis 
of x and V the axis of y, so that A is the origin of a system of cartesian coordinates, 
generally oblique. The collineation T'(a a ,a) transforms the point (x, y) to 
( x i > Vi) • The cross-ratio of of the pencil through A is given by y^\x x = a a y/x; the 
parameter of the pencil through B is given by fa — c)/y 1 = (x — c)/y -f- (3 , 
(cot B x = cot 6 + /3), c being the distance AB. Eliminating a from these equa- 

sin<j> 

tions, we have, putting b = a ° t 

^ = y M = G , whence y = Cxb^. 
b "> b y 

This represents the path-curves of the group G[ (ABV) a, G being the param- 
eter of the family of curves. These curves all pass through A and B and have 
these points as singular points. 

Theorem 31. — The two-parameter group G' % (ABV) contains oo 1 one-param- 
eter subgroups G[ (ABV) a ; each subgroup is characterized by a constant a and a 

x — e 

parameter a . The path-curves of G{ (ABV) a are given by y = Cxa v 

51. Two Special Subgroups of G' % (ABV). Among the oo 1 subgroups of 
G' % (ABV), two are of particular importance, and require special attention. When 
a = 1, we have h = V = 1 for all values of a. This signifies that the one- 
dimensional transformations along AB and through A are both identical transfor- 
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mations, and hence all points on I and all lines through A are invariant under all 
collineations of the group. This particular subgroup of G[ (ABl 1 ) is, therefore, 
the group of elations H[ (Al) . 

When a = and h varies, this is equivalent to a = oo ; the one-dimen- 
sional transformations along II and through B are both identical. In this case, all 
points on I' and all lines through B are invariant under all collineation of the 
group. This subgroup of G[ {ABl') is, therefore, the group of perspective colline- 
ations LT 1 (B, V). 

Every collineation T in the group G' % (ABl') is the resultant of an elation 
from the group Hi (Al) and a perspective collineation from the group S l (B, I'). 
In fact, if we combine every elation in H[ (Al) with every perspective colline- 
ation in ff 1 (B,l'), we obtain oo 2 collineations T' which constitute the group 
Oi{ABt). 

Theorem 32. — The two-parameter group G^ (ABl) contains one subgroup of 
elations H[ (Al) and one subgroup of perspective collineations H^ (B , I') . 

52. Properties of the Group G[(ABV)a. The parameter of the group is a, 
and the law of combination of parameters is a % = a -\- a x . Consequently, the 
properties of the group G[ (ABl') a are quite similar to those of the one-param- 
eter group of elations. The identical collineation of the group is given by a = 0, 
pseudo-collineations are given by a = «> and k = 0. The group contains oo 1 
infinitesimal collineations corresponding to the infinitesimal values of a ; hence 
the group is continuous everywhere except at a = oo . The groups G[ (ABl 1 ) a 
and G[ (ABU) a x contain no collineations in common save the identical and the 
pseudo-collineations. 

53. Classification of the Groups of Type II. "We are now in position to 
determine the number of collineations of type T in the plane. Since there are 

oo 5 different figures of the kind (ABl 1 ) in the plane, it follows that there are co 7 
collineations of the kind T ; but it does not follow that these form a seven-param- 
eter group. In general, two collineations T and T-^ having no parts of their 
invariant figures in common, do not result in a collineation of type II but of 
type I. 

Our next problem is to determine all types and varieties of groups composed 
chiefly of collineations of type II. We shall find two distinct classes of such 
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groups, viz. (1) groups made up of two-parameter groups G' 2 (ABV), and (2) groups 
made up of collineations, all of which are characterized by the same value of a . 
In groups of the first class a and a both vary, and in groups of the second class 
a is a constant and a a variable. 

B. — Groups of Type II of the First Glass. 

54. The Groups G 3 (AB) and G' 3 (ll'). Take two groups G 2 whose invariant 
figures are {ABl') and (AB-J!), the points A, B, and B x being collinear. Take 
two collineations T'(k, a) and 7i(&i, a^, one from each group, and find their 
resultant TJ (Jc 2 , a % ). From the position of the invariant figures, we see that 
7^ = kki and a z = a + a x . Hence, the invariant figure of 7| is (ABJ!) , B 2 being 
some point on AB, and the resultant collineation is of type II. Thus all the 
collineations in the two parameter groups G! 2 , whose invariant figures are the 
same, except that the point B is in different positions on the line AB, form a 
three-parameter group G' 3 (IT) . 

In a similar manner, it may be shown that all the collineations in the two- 
parameter groups G' 2 , whose invariant figures are the same, except that the line 
V is in different positions through the point A , form a three-parameter group 
(?J(AB)dualisticto G' 3 (IT). 

55. The Group G\(AT). Again let us take two collineations T'(h, a) and 
T[ (k u a r ) , one from each of the groups G' % {ABU) and G[ (ABJi) whose invariant 
figures have common the point A and the line Z, but not the same line V or the point 
B, and form their resultant T^ijc^, a 2 ). The one-dimensional transformations along 
AB, since they have the point A in common, combine according to the law & 2 = &&! ; 
also the one-dimensional transformations of the pencil through A, since they have 
the ray I in common, combine according to the law & 2 = hh x . The resultant col- 
lineation, Ti(k it a z ), is, therefore, of type II and its invariant figure is (AB 2 l z ). 
Hence, the collineations in the two parameter groups G[ , whose invariant figures 
are (AB n l' n ) (where B n is in turn every point on I and V n is in turn every line 
through A) , form a four- parameter group G[ (AT) , whose invariant figure is the 
lineal element ( AT) . This group is self-dualistic for the reason that the figure 
(ABJ n ) is a self-dualistic figure. 

56. The Group G[{Af). There are two other varieties of four-parameter 
groups, dualistic to each other, which can be formed from two-parameter groups 



Newson : A New Theory of Gollineations and their Lie Groups. 149 

G 2 (ABl 1 ) . Take two groups G'.-. whose invariant figures are ( ABl') and (ABJ) , 
having the line V and the point A in common ; take a collineation from each 
group and combine them. The two one-dimensional transformations of the kind 
t' along V result in a transformation t' of the same kind, leaving invariant A and 
I' . The two transformations of the pencil through A , since they have the ray 
I' in common, combine according to the law k 2 = kk lt and result in a transforma- 
tion of the same kind, leaving invariant A and I' and some second line \ through 
A . The principle of duality requires that the transformation along \ should be 
of the kind t with two invariant points , hence, there is a second invariant point 
B 2 somewhere on 1%. The resultant collineation T 2 is, therefore, of type II and 
its invariant figure is ( AB 2 l') . Hence, the collineations contained in the <» 2 
two-parameter groups G' % , whose invariant figures are (ABJ), where B n is in 
turn every point in the plane, form a four-parameter group G[(AV). This 
group is evidently of a different variety from that last discussed. 

57. The Group of G' i (Bl). The group dualistic to the above is composed of 
oo 2 two-parameter groups G' % whose invariant figures have in common the point 
B and the line I. Take two collineations T and T lt one from each of the groups 
G' % (ABl 1 ) and G' z (A x Bl[) , and combine them. The two one-dimensional trans- 
formations of the kind i! of the pencil through B result in a transformation of 
the same kind ; the two transformations of the kind t along I, since they have 
the point B in common, result in a transformation of the same kind according 
to the law Tc t = M a . The resultant of T and T x is, therefore, of type II, and all 
the collineations belonging to the above-mentioned two-parameter groups unite 
to form a four-parameter group G[ (Bl) . 

58. Summary of Groups of the First Glass. We have now enumerated all 
groups of this class that can be compounded out of the oo 5 two-parameter 
groups G' 2 {ABl). For example, oo 3 two-parameter groups G 2 can be so chosen 
that all collineations in them leave the liDe I invariant ; but the resultant of any 
two collineations taken from different groups G 2 , which have no invariant point 
in common, is no longer of type II but of type I. Hence, these oo 3 groups G' % 
do not form a five-parameter group. 

Theorem 33. — There are six varieties of groups of collineations of type II in 
which the collineations of a group are not all characterized by a constant a, viz. 
G' t (ABl') , G' z (AB) , G' 3 (IV) , G[ (AT) , G' A (Al>) , G', (Bl) . 
20 
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G. — Groups of Type II of Second Glass. 

Returning now to the group G{ (ABU) a and using it as the fundamental 
group, it is possible to build up another series of groups of higher order ; we shall 
find four varieties of such groups. 

59. The Groups Gi(AB)a and G' % {ll')a. The three-parameter group G 3 (AB) 
is composed of 00 1 two-parameter groups G^(ABl), and hence contains o° 2 one- 
parameter groups G[(ABl')a. Among these oo 2 subgroups of G' S (AB), consider 
the oo 1 groups G{ characterized by the same value of a. Take two collineations 
T (a 3 , (3) and T{ (a? 1 , /?i) from different one-parameter groups and combine them. 
The two transformations of the pencil through B are both of the kind if and 
have an invariant ray in common ; hence, their resultant is of the same kind and 
/3 g = /3 + /?i» The two transformations along AB and through A are in both 
instances of the kind t, and combine according to the law h % = Mc x = a 3 a* 5 ' = a^. 
Therefore, the resultant Tl is of type II and is characterized by the same value 
of a as T and T{. Hence, all collineations of type II, characterized by the same 
value of a and leaving invariant two points A and B and their joining line I, 
form a two-parameter group G' % (AB) a . 

In a similar manner, it may be shown that all collineations of type II, 
characterized by the same value of a and leaving invariant two lines and their 
point of intersection, form a two-parameter group G' % (W) a dualistic to G' % (AB) a . 

60. The Groups G' 3 (Al')a and G' 3 (Bl)a. The four-parameter group Gi(AI') 
or G^ABJ'), where B n is in turn every point in the plane, is composed of oo 3 
one-parameter groups G[ (ABV)a; oo 2 of these one-parameter groups are charac- 
terized by the same value of a. Take from two of these groups two collineations 
T'(a a ,a) and T{(a ai , %), characterized by the same value of a, and combine 
them. The. two transformations of the kind if along V combine to form one of the 
same kind according to the law <x 2 = a + 04 . The two transformations of the 
kind t through A, since they have the ray I' in common, combine to form one of 
the same kind according to the law k z = Hky = a a a ai = a a \ Hence their resul- 
tant 7\ is also of type II and is also characterized by the same value of a. There- 
fore, all the collineations in the go 3 one-parameter groups in G[(ABJI), which 
are characterized by the same value of a, form a three-parameter group 
Gi, (ABJ) a or G' 3 (AT) a. There is one such subgroup in G[ (AT) for each value 
of a. 
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In similar manner, it may be shown that the four-parameter group G' 4 (Bl) 
dualistic to Gi(Al') also breaks up into oo 1 three-parameter subgroups Gg(Bl)a, 
each characterized by a constant value of a. 

61. No Three-Parameter Subgroups of G[(AT). The group G[(AT) does not 
break up into subgroups of the variety G' 3 (Al)a. Let us take two collineations 
T' (ABI) and T[ (ABd[) characterized by the same value of a and combine 
them. The invariant figures have in common the point A and the line I. The 
two transformations of the kind t along Al combine according to the law 
a a a a * = a" 2 , so also do those of the pencil through A ; for, in each case, one inva- 
riant element is common. But the two transformations of the kind t', one along 
Al' and the other along Al[, are so situated that we cannot assert that a^ = a-\-a 1 . 
The same is true of the two transformations of the pencils through B and B 1 ; 
they are not in position to combine according to the law /? 2 = (3 + p u Hence, 
subgroups of G{ (Al) of the variety G' % (Al) a do not exist. 

Theorem 34. — There are five varieties of groups of collineations of type II in 
which all the collineations of a group are characterized by the same value of a . These 

groups are as folloios : G[ (ABI') a , i G » ( AB ^ a \, \ G ' 3 ^ Al '^ a I . 

( G' % (11!) a ) ( #3 (Bl) a ) 

§4. — Collineations op Type III. 

62. Properties of a Gollineation T". A collineation of type III is obtained 
as the resultant of two elations 8' and S[ whose invariant figures (Al) and (Ad^ 
are so situated that l x passes through A. Let the distance AA X be a and let the 
angle IA\ be 6 ; also, let the constants of S' and S{ be a and %. 

In order to determine the character of the resultant of S' and $[, we must 
examine the resultants of the one-dimensional transformations along l t and 
through A. Along l ly S' produces a one-dimensional transformation of the kind 
t', whose constant is a sin 6 and S{ an identical transformation ; hence, the 
resultant along 4 is t'. Through A, S' produces an identical transformation and 
S[ a transformation of the kind t^ whose constant is aa x ; hence, the resultant 
through A is t[. Therefore, the resultant of S' and S{ leaves invariant the point 
A and the line \ and produces along \ and through A one-dimensional transfor- 
mations of the kind U whose constants are respectively a sin $ and aa x . This 
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collineation of type III will be designated by T", its invariant figure by ( Al) and 
its constants by /3 and aa. 

63. The Group G'i (Al). The groups E' Z (A) and L% (I), where A lies on 7, 
each contain oo 3 elations, and hence there are oo 4 pairs of elations, one from each 
group, whose resultant in each case is a collineation of type III and whose inva- 
riant figure is the lineal element Al. It does not follow that the oo 4 collinea- 
tions T" thus produced are all different ; in fact, there are only oo 3 different col- 
lineations T" thus produced. 

These «> 3 collineations T 1 , each leaving Al invariant, form a three-param- 
eter group, as may be shown. Let T" and FJ be two collineations from the sys- 
tem leaving Al invariant. Along I the resultant of the two transformations of 
the kind t' is another of the same kind, since they have the invariant point A in 
common ; through A the resultant of the two transformations of the kind if is also 
another of the same kind, since they have the invariant ray I in common. 
Hence, the resultant of T" and T{ is Tj, a collineation of type III, leaving Al 
invariant. Therefore, all collineations of type III, leaving Al invariant, form 
a three-parameter group G'{ (Al). Evidently, G'i (Al) contains H^ (A) and El (I) 
as subgroups. 

Theorem 35. — The aggregate of all collineations of type III, leaving invariant 
the same lineal element Al, forms a three-parameter group Gi/ (Al) . 

64. The Group Gif (Al). In article 43, it was pointed out that the system 
of oo 3 of conies, touching I at A, is made up of oo 1 nets iVof oo 2 conies each ; all 
the conies of each net have contact of the second order at A . (All the conies of 
the net JVhave the same circle of curvature at A.) Such a net of conies is trans- 
formed by any collineation into a net of the same kind. Hence, a collineation 
T" of the group Gi/ (Al) transforms a net N of the system into another net iVi of 
the same system or into itself. Since Gi/ (Al) contains oo 3 collineations T", and 
there are only oo 1 nets i^in the system, it follows that each net iVis transformed 
into itself by o° 2 collineations T" belonging to the group GI/ (Al). All collinea- 
tions T" in Gi/ (Al), which leave invariant a net of conies N, form a two-param- 
eter subgroup Gl/(Al). Evidently, G'i (AT) contains oo 1 such subgroups, one for 
each net N in the system of conies touching I at A . 

Theorem 36. — The aggregate of all collineations of type III, leaving invariant 
the lineal element Al and a net of conies having contact of the second order at A , 
forms a two-parameter group G^ (Al). 
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65. The Group G"{Al). The system of <» 3 conies touching I at A is com- 
posed of co 2 pencils of conies, each pencil being composed of oo 1 conies having 
third order contact at A . Such a pencil of conies S is transformed by any col- 
lineation into another pencil of the same kind. Since there are oo 2 such pencils S 
in the system of conies touching I at A and oo 3 collineations T" in the group 
G!£(Al), it follows that there are oo 1 collineations T" in G3 (A?) that transform 
any given pencil S into itself. These collineations form a one-parameter sub- 
group of G'^{AT). Evidently, G' s ' { AT) contains oo 2 such subgroups, one for each 
pencil iS in the system of conies touching I at A. Bach net iV"of the system con- 
tains oo 1 pencils S, and hence each two-parameter subgroup of G's {AT) con- 
tains 00 1 one parameter subgroups G'{ {AT). 

The conies of the pencil S are the path-curves of the group G'{ {AT) ; for, if 
all the conies of 8 remain invariant under the collineation T", the effect of T" is 
to move each point of the plane along its path-curve. The parameter of the 
group G'l {AT) is a and the law of combination of the a's is a + aj = a 2 . Hence, 
the structure of the group G" {AT) is the same as that of the group H[{Al). 

Theorem 37. — The aggregate of all collineations of type III, leaving invariant 
the lineal element Al and a pencil of conies having contact of the third order at A, 
forms a one-parameter group G[' {AT), whose path-curves are the conies of the pencil. 

These three are the only varieties of groups of type III. It may readily be 
verified that two collineations of this type, with their invariant figures in rela- 
tive positions other than those discussed above, result in a collineation not of 
type III. 

The following facts regarding the number of collineations of the different 
types should be noted here : 

There are co 8 collineations of type I which form a group G s . 

" " oo 7 " " II " do not form a group. 

" " ^6 it K TTT " " " " " 

u i' 0^5 << 11 T"y ii K a it (i 

i< ii go4 II II XT <| 11 it II 11 

§5. Group Structure and Singular Transformations. 
A. Structure of the Collineation Groups of the Plane. 

66. Having found a complete list of the Lie groups of collineations in the 
plane, we must now examine more closely into the structure of each group. 
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Many of these groups will be found to contain collineations of one type only, 
while others will be found to contain collineations of two or more types. In 
every case, there are collineations of a characteristic type which make up all or 
the greater part of the group, and among these are to be found in many cases a 
smaller number of collineations of one or more lower types. In most instances, 
the collineations of these secondary types form continuous subgroups of the given 
group ; but sometimes these secondary collineations in a given group do not form 
a continuous subgroup, in which case they are called Singular Transformations. 

The complete structure of some of these collineation groups has already 
been given while in other coses only the characteristic collineations of the group 
have been indicated. The entire list of these groups must be examined ; in 
most cases the structure of a group will be given without proof, only in those 
cases where the structure is not at once evident, or where the group contains 
singular transformations, will the proofs be indicated. Perspective collineations 
constitute type IV, and elations type V. 

67. Structure of the Perspective Groups. We found in article 7 eight varieties 
of perspective groups, viz. three of type V and five of type IV. The group H{ {Al) 
contains only collineations of type V, and H x (A, I) , only those of type IV. The 
structure of the other six perspective groups is here indicated by symbolic equa- 
tions, see article 19: 

BJ(I) = ^H{{Al), 

Hi (A) z=^H[{A~l), 

H % {IBV) =^ff 1 (A,l) + H' 1 (Bl) , 

H 2 (Al'B) = ooi E 1 (A , 1) + H{ (Al 1 ), 

H t (A) = *>*H 1 {A,l) + H>(A). 

The correctness of each of these structural formulae may be proved in detail ; 
but it is necessary to carry out the proof in only one case. Take, for example, 
the group H 2 {IBV); we can show that this group must contain collineations of 
type V. Take from the group H 2 {IBV) two perspective collineations S(A , I) and 
Si {A 1 , I), for which the cross-ratio constants are k and 1/k respectively. Along 
the line A X AB , where B is the intersection of I and V , we have two one-dimen- 
sional transformations of the kind t with reciprocal values of h but belonging to 
different subgroups having one invariant point B in common. Hence, their resul- 
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tant along I' is of the kind t', and the value of a for this resultant is found to be 

•=<'-*> G;-:z)- 

Since both transformations along I are identical, their resultant is also identical. 
Hence, the resultant of S and $ is an elation S, which belongs to the group 
H{(Bl). From the above value of a we see that by varying the value of h, or 
the position of the points A and A lt all elations in the group H[(Bl) are obtained ; 
thus, the group H 2 (IBV) contains H[ (Bl) as a subgroup. In a similar manner 
the structural formulae of the other perspective groups may be verified. 

68. Structure of Groups of Type III. We found only three varieties of 
groups of type III, viz. G['(Al), G 2 ' (Al), Gg (Al), and these cases are easily dis- 
posed of. The group G[' (A!) contains only collineations of type III. The group 
Gg' (Al) contains, as we saw, the groups H 2 (A) and H[ if) . It may be proved 
without difficulty that the group G 2 (Al) contains only collineations of type III. 
The structural formulae of G% (AT) and G' 3 '(Al) are exhibited thus: 

G'<(Al) = oo i G'<(Al). 

Gil (Al) = ^ G'{ (Al) + H' % (A) + Hi (I). 

69. Structure of Groups of Type II. First class. There are six varieties of 
groups of this class ; we have found, article 51, that the group G' z (ABl') contains 
the groups H x (B , I') and H{ (Al) as subgroups ; and hence we must expect that 
subgroups of types IV and V will appear in the groups of higher orders of this 
class. The structural formulae of these groups are as follows: 

G> (ABU) = G' t (ABU) + H X (B, V) + H[ (Al) , 

G!,(AB) = <*> 1 G 2 (ABF) + H 2 (BIA) + Hl(l), 

G' 3 (IV) = »* G' z (ABl>) + H 2 (IAI') + III (A) , 

Gi(AF) =* z G' 2 (ABl')+ E 3 (l') + H'(A) + H>(1>) + Q» (Al 1 ), 

G[ (Bl) = »» 0J (IBV) + (E 3 B) + HI, (I) + S' 2 (B) + &> (Bl) , 

Q' t (Al) = * z Gl (AB V) + oo* H x (B, F)+ Hi (A) + H> 2 (I) + G' z ' (Al) . 

In the case of the group G' 3 (AB), we may verify the structural formula as 
follows : The line /' through A may take go 1 different positions, and for each 
position of T we have a two-parameter group G' 2 (ABl'), all of which are con- 
tained in G' 3 (AB). The oo 1 one-parameter groups ^(B,?) in these groups 
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G' % (ABH), form the two-parameter group E 2 (BIA). The group H 2 (BIA) con- 
tains the subgroup E{ (Bl) , and each group G' % (ABV) contains the subgroup 
H[ (Al) . By combining the collineations of these two groups, viz. H[ (Al) and 
E[ (Bl) , we obtain all the elations of the group HI (I) , which is, therefore, con- 
tained in the group G' 3 (AB) . 

As another example, let us examine the structure of the group G' A (AH). 
The point B may take go 2 different positions in the plane, and for each position 
of B there is a group G' 2 (ABl') which belongs to the group Gi(Al'). The «> 2 
one-parameter perspective groups E^(B , H), contained in these groups G 2 (ABl), 
form the group E s (l ! ). The group E 3 (l 1 ) contains the subgroup E' % (l 1 ). The oo 1 
groups of elations E[(A~l), contained in the groups G 2 (ABl'), form the group 
H'z (A), which is, therefore, contained in Gi(Al'). Since G^(Al') contains E' % (A) 
and E' % (T), it must also contain G' 3 ' (Al). Thus the structure of G[(Al!) is found. 
A similar course of reasoning leads to the structural formulae of the other groups 
of this class. 

70. Second Glass. The group G{(ABl')a, where a :£ or oo, contains only 
collineations of type II. The structure of the other four groups of this class is 
shown as follows : 

Gi (AB) a = oo 1 6?i (ABU) a+H{ (Bl) + S. T., 
G' 9 (ll 1 ) a =*>*G{ (A~BU) a + H[ (Al 1 ) + S. T. , 
G' 3 (Al 1 ) a = c**G' l (ABV) a + J? (I!) -f S. T., 
G' 3 (Bl) a = »» 0{ (ABl) a+H> (B) + S. T. 

In this class of groups we meet, for the first time, with so-called singular 
transformations S. T. ; these will be discussed later. 

In order to show that the group of elations S[(Bl) occurs in G 2 (AB)a, we 
take two collineations T' (ABl')a and T((ABl[)a, whose constants are (/?, a p ) 
and ( — /3, a~ ? ) respectively, and form their resultant. The resultant of the two 
one-dimensional transformations through B is identical, that along I is also iden- 
tical, while that through A is of the kind t'. Hence, the resultant of T and T[ 
is an elation S' belonging to the group E[(BT). By varying the value of /? and 
the positions of I 1 and l[, all elations in H[(Bl) may be produced, thus showing 
that all elations of the group E[(Bl) are contained in G' % (AB)a. 

In like manner the structural formulas for the remaining groups of this class 
may be verified. 
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71. Structure of Groups of Type I. First Class. The nine groups of type I, 
first class, show the following structural formulae : 

G z (AB G) = G Z (AB 0) + E x {AT) + H, (Bl 1 ) + H, ( Gl) , 
G 3 (ABl) = ^G Z (ABO) + G' Z (AB1!) + E z (lAl>) + E 2 (AIB) 

+ E 1 (B,l') + E 1 (Al), 
G, (AB) =ao*G z (ABG) + 2^G 2 ' (ABl") + E 3 (I) + E' z (I) + 1E % (Al'B) , 
G 4 (IP) = ™*G Z (ABU) + 2 ooi G' z (ABl) + H 3 (A) + E' z (A) + 2E Z (IAII) , 
Gi (A, I") = °**G Z (AB"C) + ooi^ (ABl") + ^E z (Bl'A) 

+ Ei(A,l") + ^E[(Bl), 
G, (Al) =™*G Z (ABO) + «« G' z (ABl 7 ) + »» 0/ (ABl') + G'i (At) + E 3 (I) 

+ E 3 (A)+E'(l) + E Z , (A), 
G s (t) -^G Z (ABG)+ oo 3 G' z (ABl 1 ) + oo » ff / (ABl) + «> l G'i (Al) 

+ E 3 (l) + «>*E 2 (AIB) + E'(l) + ^E' Z (A), 
G 6 (A) = * i G % (ABC) + »« 0/ (ABl) + «> 3 G{ (ABl 1 ) + a. 1 G' 3 ' (Al) 

+ E 3 (A) + «>*E % (IAU) + El (A) + ^E' z (I), 
G 8 = «>«G Z (ABC) + c*>*Q' z (ABl') + °° 3 Gl'(Al)+ ^E^A, I") + <» 3 E{(Al). 

The verification of these structural formulae presents no special difficulties. 

72. Second Glass. The structural formulae of the four following groups are 
exhibited thus : 

Q % (ABl 1 ) r=°° 1 G 1 (ABC)r+El (Al) + S. T., 
G 3 (AB)r =^G 1 (ABV)r + El(l) + S. T., 
G 3 (ll')r ^ootG^ABtyr+EKA) + S. T., 
G i (AT) r = o= 3 G 1 (ABC) r+ E' z (A) + E[ (I) + G' 3 ' (Al) + S. T. 

From the group G z (ABl') r take two collineations T(ABG)r and T(ABC^)r, 
where C and (7, are collinear with A, whose cross-ratio constants are respec- 
tively h and 1/k. The resultants along AB and through A are identical, while 
those along Al' and through B are of the kind t'. The constant of the resultant 

along Al' is given by a = (1 — h)( j-^ — TM • Hence, the resultant of T 7 and 

T t is an elation and belongs to the group E{ (Al). By varying h and the posi- 
tions of G and G lt a can be made to take on all values ; hence, all elations in the 
group Ei (Al) are contained in G z (ABl')r. 
21 
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Again, from the group G s (AB)r, take two collineations T{ABC)r and 
T x {ABG X ) r , where G and G x are not collinear with A or B, and whose cross-ratio 
constants are h and 1 jk respectively. The resultant along AB is identical, while 
those through A and B are both of the kind if. Hence, the resultant of T and 
Ti is 8' {XI), where X is some point on I. It may be shown that all elations in 
-ETa(Z) are contained in G 3 {AB)r. 

In like manner, the formulae of the other groups of this class may be verified. 

73. Third Glass. The list of groups of the third class shows structural 
formulae as follows : 

G z {AKl) =o= 1 G 1 (ABG) + G['{Al), 

G 3 {K) =»*G 1 \aBG)+ ^Gi'iAl), 

G 3 (S) = <**G 1 {ABC) + G' l '(Al) + H[(Al) + 8.T., 

G 3 {A, l") r=2 = ^G 1 {ABC) + ^Hi(ABl") + S. T., 

G,{l") r=i = oo'G^ {ABC) + oo^HJ {Al) + S. T., 

G t {A) r _, =«, i G 1 {ABC)+ «>iH>{l) +S.T. 

The group G 3 {S) contains oo 2 subgroups Gi{ABG), where B is in turn 
every point on Al and C in turn every point in the plane. One conic of the 
system S passes through G, and BG is tangent to this conic at G. Take a col- 
lineation J 7 from the group G^ABG) and another T x from the group G 1 {AB 1 C 1 ) 
having cross-ratio constants h and 1/Jc respectively. Their resultant is of the 
kind t' along Al and through A , and hence is a collineation T" of type III 
belonging to the group G'i{Al). It can be shown that all the collineations of 
the group G[' {Al) are to be found in G S {S). 

Again, take two collineations T and T lt whose cross-ratio constants are k 
and 1/k, from the groups G X {ABG) and G 1 {ABG 1 ), where C and C x are colli- 
near with A. Their resultant is identical along AB and through A, but is of the 
kind 1f along AGO x and through B ; hence, it is an elation 8' and belongs to the 
group H[ {Al). Evidently, all elations in H{{Al) are contained in G 3 {8). 

The remaining formulae are easily verified. 

B. — Singular Transformations* 
We come next to the consideration of singular transformations in the colline- 

*The results of the investigation of singular transformations by the present methods agree with 
those found by Professor Taber and his pupils, Rettger, Slocum, and Williams. See Taber, Bull. 
Ainer. Math. Soc, Vol, VI, p. 199; Kettger, Amer. Jour. Math., Vol. XXII, p. 60; Williams, Proc. 
Amer. Acad., Vol. XXXV, p. 97 ; Slocum, Proc. Amer. Acad., Vol. XXXVI, p. 92. 
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ation groups of the plane ; these were defined, article 66, as systems of colline- 
ations of one type not forming a continuous group, yet occurring in an otherwise 
continuous group of another type. We shall find two distinct kinds of singular 
transformations, viz. discrete systems of collineations of type V or III occurring 
in groups of type II, second class ; and discrete systems of collineations of type 
II occurring in groups of type I, second and third class. 

74. Singular Transformations in G' i {AB)a and G' t {JX)a. It was shown, 
article 70, that the group G(. (AB) a contains H[ (Bl) as a subgroup. It also con- 
tains other collineations of type V, as will be shown. Take two collineations 
T {ABU) and ^{ABV^, whose constants are {8, a p ) and {8 lt a Pl ) ; for every 

value of a^O or oo, 8 and 8 X may be so chosen that 8 + 8 X ^0, while 
a n +p, _ j p ut a _ re i« an( j g _|_ ^ _ p _j_ ^ t ^ en we jj ave 

{p + ig^log r + id) — 2nni, 

whence p log r — q$ = and q log r +pd = 2mt ; 

also, _ 2mtd _, 2nn log r 

p -\og*r + e 2 ana q -\ogr + W 

Hence, for any given value of a, 8 and /? t can always be found to satisfy the 

conditions 

8 + 8^0 and a" +ft = l. 

The resultant of T and T : x is identical along AB, but the resultant one - 
dimensional transformations through A and B are both of the kind t'. Hence, 
the resultant is an elation S' {XT), where X is some point on AB, not A or B. 
In the above expressions for p and q, n has only integral values ; hence, the 
resultant elations S' do not form a continuous system. For any value of 
a 4= or oo , 8 + 8 X cannot be infinitesimal and satisfy the above conditions so 
that all the elations in B! % {I) cannot be obtained in this manner. Hence, 
Crg (-4-6) « contains, besides the group E[ {Bl) , a system of elations S' {XT) not 
forming a continuous group ; these are singular transformations. 

In exactly the same manner it may be shown that the group G' % {TV) a con- 
tains, besides the subgroup of elations H{ {AT) , a discrete system of elations 
S 1 {AX) not forming a continuous group. These are, therefore, singular transfor- 
mations in G' z {Tl')a. 

Theorem 38. — The groups G^ {AB) a and G[ (ll')aeach contain a discrete system 
of elations which are singular transformations of the groups. 
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75. Singular Transformations in G' z (BT)a and Gg(AH)a. The group 
G' z (Bl) a contains co 1 subgroups G' % (AB) a, one for each point A on the line I 
and the group B\ (B) ; it, therefore, contains all the singular transformations of 
type V to be found in its subgroups G' % (AB) a. Take two collineations T (ABT) 
and IKAjBfy whose constants are (8, a 13 ) and (B u a^). If 8 and fa are so 
chosen that 8 -+- fa = , the resultant of T and T[ is identical through B and of 
the kind tf along I; hence, it is an elation belonging to the group LV Z (B). But if 
P + A t^ and a p+Pl = 1 , the resultants through 5 and along Z are both of the 
kind t' ; hence, it is a collineation of type III and belongs to the group G'{ (Bl) . 
For the same reasons given above, no infinitesimal collineation of type III can 
be produced in this manner, and hence all collineations in G{' (Bl) are not to be 
found in G' d (Bl)a. These singular collineations of Type III in G' z (Bl)a also 
appear as the resultants of the singular collineations of type V in G' % (Bl) a and 
the elations of the group L% (B) . 

In like manner it can be shown that the group G' s (AT) a contains singular 
transformations of types V and III. 

Theorem 39. — The groups G' 3 (Bl) a and G' z (All) a each contain discrete systems 
of collineations of both types III and V which are singular transformations of the 
groups. 

76. Singular Transformations in G z (ABl')r. We shall next examine the 
group G % (ABl!)r for singular transformations. There are two cases to be con- 
sidered according as r is a rational or an irrational number. When r is rational, 
the group G x (ABG)r contains (art. 26), one perspective involutoric collin- 
eation S, whose vertex and axis are respectively a vertex and the opposite 
side of the invariant triangle (ABG). 

Suppose that r has odd numerator and odd denominator ; then, according 
to the notation agreed upon, S has its vertex at B and its axis along AC. For 
such a value of r the group G % (ABV) r contains co 1 subgroups G± (ABG) r ; but 
these all contain the same perspective collineation S; hence, the group G 2 (ABl')r 
contains but one perspective involutoric collineation 8. Let 8 be combined with 
any collineation of type I in G z (ABl 1 ) r ; the resultant one- dimensional trans- 
formations along both AB and AG are of the kind t, and hence, the resultant of 
S and Tis of type I and is one of the collineations of the group G % (ABl')r. On 
the other hand, let S be combined with S', a collineation of type V in H[ (Al) 
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(which is a subgroup of 2 (ABT) r) . Along AB we have an involutoric com- 
bined with an identical transformation, and the resultant in this direction is 
involutoric with invariant points at A and B. Along iC we have an identi- 
cal combined with a transformation* of the kind t', and the resultant is of the 
kind tf. Through B we have an identical combined with a transformation of 
the kind t', and the resultant is also of the kind t'. Hence, the resultant of 8 
and 8' is T, a collineation of type II, whose invariant figure is (ABU) and 
whose constants Jc and a are h = — 1 and a equal the a of 8. If 8 be combined 
in turn with each elation of H[ (Al) , we have an infinite system of collineations 
of type II, for each of which h = — 1 while a has all complex values. The 
parameters h and a of this system of collineations of type TI do not satisfy the 
relation h = a", and hence (article 49) do not form a continuous group. These 
collineations of type II in G % (ABU) r are singular transformations. The struc- 
ture of G z ( ABV) r is thus seen to be 

G z (ABU) r = oo G 1 (ABO) r + H[ (Al) + ^T'. 

Let us next examine for singular transformations the group G 2 (ABU) r, 
where r is rational with odd numerator and even denominator. Each subgroup 
G 1 (ABG)r of G 2 (ABV)r contains one perspective involutoric collineation S ; 
these are all different, and form a system (S) whose common axis is AB and 
whose vertices are in turn every point on I 1 . Any one of these perspective 
collineations, combined with a collineation of type I in G % (ABU)r, results 
in a collineation of type I also belonging to G % (ABl!)r. The resultant 
of any collineation of the system (8) with any elation of the group H[(AV) 
is another perspective collineation 8 X of the system (8). The resultant of 
any two perspective collineations of the system (8) is an elation belonging to 
the group H[(AT). Thus the group G 2 (ABl')r, where r is rational with odd 
numerator and even denominator, contains oo 1 involutoric perspective col- 
lineations, but no singular transformations of type II. These perspective col- 
lineations are not singular transformations in the sense of the definition, for each 
of them belongs to a subgroup of G 2 (ABU) r . 

In like manner, it maybe shown that the group G z (ABl')r, where r is 
rational with even numerator and odd denominator, contains oo 1 involutoric per- 
spective collineations having a common vertex at A and axes in turn every line 
through B ; but it contains no singular transformations. The group G 2 (ABl')r, 
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where r is irrational, contains (article 27) no involutoric perspective collineation 
and hence no singular transformations. 

From these results, we conclude that the group G z (ABl') r contains singular 
transformations of type II when, and only when, its subgroups have one common 
involutoric perspective collineation S. This depends on the manner in which 
the invariant triangles of the subgroups G x (ABC) r are put together. Thus, 
when the line I' passes through A , the group G z (ABl 1 ) r contains singular trans- 
formations when r has odd numerator and odd denominator. On the other hand, 
if V passes through B, in which case it is designated by I", the group G z (ABl") r 
has singular transformations when r has even numerator and odd denominator. 

Theorem 40. — The group G% (ABl')r, where r is a rational number such that 
the subgroups of G 2 (ABl 1 ) r all contain the same involutoric perspective collineation 
S, contains singular transformations ; these are of type II, and all have the same 
value of h, viz. & = — 1 . 

77. Other Groups Containing Singular Transformations of Type II. Any col- 
lineation group of the plane which contains no subgroup of type II and which 
contains subgroups of the variety G z (ABl 1 ) r such that each contains but a single 
perspective involutoric collineation S, will evidently contain singular trans- 
formations of type II. In addition to G i (ABl')r, the following groups of 
type I, second class, also contain singular transformations: G 3 (AB)r, G 3 (ll')r, 

In type I, third class, the group G 3 (S) contains <» 4 subgroups 
G z (ABl')r = — 1. Bach of these subgroups contains oo 1 singular transforma- 
tions, and hence G 3 (S) contains oo 2 singular collineations of type II. 

The group G 3 (A, I") contains oo 1 subgroups G z (ABl")r = 2. There is evi- 
dently but one involutoric perspective collineation Sin the group G 3 (A, I"), and 
this has its vertex at A and its axis coinciding with I" ; S belongs to every sub- 
group G z (ABl")r = 2 in G 3 (A, I"). S, combined in turn with each of the oo 2 
elations in G 3 (A, I"), gives oo 2 singular transformations of type II. 

The group Cr 5 (I") contains oo a subgroups G 3 (A, I"), one for each position of A 
in the plane; hence, it contains oo 3 subgroups G % ( ABU') r = 2 . Since each of 
these two-parameter subgroups contains oo 1 singular transformations of type II, 
it follows that the group G 5 (I") contains oo 4 such singular transformations. 

The group G 5 (A), dualistic to G 5 (l"), also contains oo 4 singular transforma- 
tions of type II. 
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Theorem 41. — The following groups, and no others, contain singular transfor- 
mations of type II: G z (ABl')r, G 3 (AB)r, G s (U')r, and G i (Al)r (when r is 
rational); G 3 (S), G 3 (A,l") r=2 , G,(l") r=2 and G 5 (A) r=i . 

§6.— Mixed Groups op Collineations in the Plane. 

78. In this section the following problems will be investigated: To find 
(1) all collineations in the plane that leave fixed one vertex of a triangle and 
interchange the other two vertices ; (2) that interchange a pair of points; (3) 
that interchange a pair of lines ; (4) that permute the vertices of a triangle ; 
(5) that permute the vertices of a quadrilateral ; (6) that permute the vertices 
of a polygon of n sides. 

The first four of these problems lead us to the consideration of certain 
mixed groups of collineations. For example, all collineations, leaving a triangle 
invariant as a whole, form a mixed group mG (ABC), which consists of the con- 
tinuous group G % (ABC) and all other collineations interchanging a pair of its 
vertices and also those permuting the three vertices. 

79. The Mixed Groups mG 1 (PQ) and mG 1 (W). As a necessary prelimi- 
nary, we must first determine all one-dimensional projective transformations 
that interchange a pair of points on a line. There are oo 1 projective transfor- 
mations of the points on a line that leave invariant a pair of points P and Q ; 
these form a continuous group G^PQ). The aggregate of all transformations 
of both kinds, i. e. those that leave P and Q separately invariant and those that 
interchange P and Q, forms the mixed group mGi(PQ) . 

Every transformation interchanging P and Q is an involutoric transforma- 
tion of the kind t, and its cross-ratio is & = — 1 . If the invariant points of t 
are A and B, they must be so situated that the cross-ratio (ABPQ) =■ — 1 . 
There are oo 1 pairs of points AB having this relation ; hence, there are oo 1 involu- 
toric transformations t interchanging P and Q. Since no transformation of the 
kind if can be involutoric, it follows that there are no transformations of the kind 
t' interchanging P and Q , 

It is evident that similar results hold also for the mixed group of one- 
dimensional transformations, leaving invariant and interchanging a pair of 
lines. 

Theorem 42. — The mixed group \ i \ "H contains ^involutoric trans- 

y-mG^illl) ) 
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formations in addition to the transformations of the continuous group \ 1 ^ "' [; it 
contains no other transformations. 

80. The Mixed Group mG z (APQ). Let (APQ) be any three points form- 
ing a triangle. Any collineation that interchanges P and Q must leave the line 
PQ invariant. Let (ABC) be the invariant triangle of a collineation of type 
I which interchanges P and Q ; then two of the vertices, as B and O, must be 
on the line PQ and so situated that the cross-ratio (BCPQ) = — 1. All col- 
lineations in the group G 2 (ABG), for which the cross-ratio along the side BG 
is — 1, leave A invariant and interchange P and Q ; they belong, therefore, to 
the mixed group mG 2 (APQ). 

Let k and k 1 be the two independent parameters of the continuous group 
G % (ABC) , and let k be taken along AB and k 1 along AG. Since the product of 
the three cross-ratios taken in the same order around the triangle must be unity, 
we have (k)(— l)(l/#) = 1; thus, & + # = 0. Hence, out of the a> 2 collinea- 
tions in G Z (ABC), where (BGPQ) = — 1 , there are oo 1 that satisfy the condi- 
tion k + kl = and interchange P and Q. The pair of points BG can be chosen 
in oo 1 different ways, so that (BGPQ) = — 1 ; if out of each of these groups 
G S (ABC) we select the collineations that satisfy the relation k -\- M = ,we 
obtain oo 2 collineations of type I that leave A invariant and interchange P 
and Q. 

Among these oo 2 collineations of type I interchanging P and Q, there are 

oo 1 of type IV. In every group G 2 (ABG), there are two collineations, viz. 

k = 1 , k! — — 1 and k = — 1 , k' = 1 which satisfy the condition k + k' = 

and are not of type I. They are involutoric perspective collineations with the 

vertex always on the line PQ. 

Since no collineation of types III or V is involutoric along an invariant line, 
it follows that the mixed group mG 2 (APQ) contains no collineations of these 
types. A collineation of type II, whose invariant figure is (BCl 1 ) , may be invo- 
lutoric along BG, but it cannot belong to the mixed group mG 2 (APQ), for the 
point A would then have to be a second invariant point on the line II, which is 
impossible. 

Theorem 43. — The mixed group mG % (APQ) contains, in addition to the con- 
tinuous group 6r 3 (APQ), oo 2 collineations of type I and oo 1 of type IV, which leave 
A invariant and interchange P and Q. 
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81. The Mixed Groups mG i (PQ) and m6r 4 (Z7). The continuous group 
Gi(PQ) contains co 4 collineations, leaving P and Q separately invariant; we 
seek, in addition to these, all collineations which interchange P and Q. There 
are oo 3 triangles {ABC) so situated that BOPQ are collinear and the cross- 
ratio (BGPQ) = — 1. Each of these triangles is the invariant triangles of a 
two-parameter group in which oo 1 collineations satisfy the relation h + Jd = 0, 
and hence interchange P and Q. Therefore, there are oo 4 collineations of type 
I which interchange P and Q. 

Let us consider the group G^BGl') of type II, where (BGPQ) — — 1, 
The collineations of this group depend upon two-parameters h and a. When 
h = — 1, the transformations along BG are involutoric and interchange P and 
Q. The group Gi(BGl') contains oo 1 such collineations, one for each value of 
a. The figure (BGV) can be chosen in oo 8 different positions satisfying the con- 
dition (BGPQ)=- — 1. Hence, there are oo 3 collineations of type II which 
interchange P and Q. 

Let g be any line of the plane cutting PQ in B and take G on PQ such 
that (BGPQ) = — 1 . The involutoric collineation of the group H 1 (G, g) inter- 
changes P and Q. There are evidently «> s such involutoric collineations, one 
for each line of the plane not passing through P or Q. 

In like manner, it may be shown that the mixed group mO^W) has a 
similar structure to i mG i (PQ) ; these groups are dualistic, and the properties of 
the former may be inferred at once from those of the latter. 

Theorem 44. — The mixed qroup \ *\ V) I contains, besides the continuous 

\mG t (111) ) 

group \ ^ ^'y , oo 4 collineations of type J, oo 3 of type II and oo 2 of type IV, 
(. G± (TU) ) 

which interchange \j\ ano ^ 1 7/ [ • 

82. Gollineations which Permute the Vertices of a Triangle. Let P, Q, R be 
the vertices of a triangle ; we wish to find all collineations which change P into 
Q , Q into B and B into P ; also, their inverses, viz. those that change P into B, 
B into Q and Q into P. Let K be any conic circumscribing the triangle ; with 
PQB as the triangle of reference, the homogeneous equation of K may be 
written 

x y "*" a 

22 
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Let x', y', z' be the coordinates of any point A ; the polar of A with respect to 
the triangle of reference is 

-^+X + A = . < 2 ) 

x 1 y' z 1 

The polar of A with respect to the conic K is given by 

x (bz 1 + cy') + y (az' + ex') + z {ay 1 + 6a/) = . (3) 

We wish to determine the point x 1 , y', z', so that its polars with respect to the 
triangle (PQR) and the conic K coincide. Comparing equations (2) and (3), 
we find x' :y' : z' = a:b:c. 

When the point A is not on a side of the triangle of reference, we find one, 
and only one, position of A such that its polar with respect to the triangle is at 
the same time its polar with respect to the conic K. The converse of this 
proposition is also true ; if we choose any point A and take its polar I with 
respect to the triangle of reference, we shall find one, and only one, conic K cir- 
cumscribing the triangle for which A and I are pole and polar. 

The line I and conic K, whose equations are respectively 

r- -f- + — = and = 0, 

a o c x y z 

intersect in a pair of points B and 0. (ABC) is the invariant triangle of a two- 
parameter group G i (ABG); the path-curves of its one-parameter subgroup 
G x (ABG) r = 2 are conies and K is one of these path-curves. Consequently, all 
collineations of the group G X (ABG) r = 2 transform iT into itself. 

The coordinates of A are (a, b, c) of B (a, ab, a z c), of G(a, u 2 6, oc), 
where a 3 = 1. The lines AB , AG, AP, AQ, AR are given by the following 
equations respectively : 



a 6)6 arc a 
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(4) 



From these equations we readily find that the cross-ratios of the three pencils 
A(BGPQ) A(BGQB), A(BGRP) are all equal to each other and each equal 
to a, i. e. e 3 . Consequently, the collineations of the group Gi(ABG) r=2, for 
which k = e 3 changes P into Q, Q into R, and R into P. The inverse of this col- 
lineation, for which & = e 8 , changes P into R, R into Q, and Q into P. 
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There are oo a conies circumscribing the triangle {PQR) ; for each of these 
conies there is a point A and a line I which are pole and polar with respect to 
both triangle and conic. Consequently, there are oo 2 two-parameter groups 
(x 2 [ABC), each of which contains a pair of inverse collineations that permute the 
vertices of the triangle {PQR). Each of these collineations is of order 3. 

Theorem 45. — There are oo 2 collineations of type I and period 3 that permute 
the vertices of a triangle. 

83. Collineations which Permute the Vertices of a Quadrangle. Let {PQRS) 
be four points in a plane forming the vertices of a quadrangle ; let PR and QS 
meet in A, PQ and RS in A", and PS and QR in A'. Let PR and QS meet 
A' A" in U and V respectively. On the line A' A" the two pairs of points A' A" 
and UV determine an involution whose double points are designated by B and G. 
The two-parameter group G % (ABG) contains three collineations which permute 
the vertices of the quadrangle {PQRS). 

In order to verify this statement, we reason thus : Let T be a collineation 
permuting PQRS in the order named ; we then have the substitution T, 



T \P Q R S) 
( Q R S P ) 



Q 

Since the lines PQ and RS are changed into QR and SP respectively, A", the 
point of intersection of the first pair, is transformed into A' the point of intersection 
of the second pair. In like manner, it is shown that A! is transformed into A". Thus 
the line A' A" is an invariant line of T, since a pair of points on it are interchanged. 
It may be shown, in the same way, that the lines PR and QS are interchanged ; 
hence, their point of intersection A is an invariant point of T. Since PR and 
QS are interchanged while A' A" remains invariant, it follows that U and V must 
be interchanged. Hence, the invariant triangle of T is {ABG) and the transfor- 
mation is involutoric along BG . 

From the above considerations, we see that T must belong to the group 
6r a {ABG) and be one of the collineations of that group satisfying the condition 
k + y = . It must also be of period 4 ; hence, k* = 1 , i. e. h = i, — i, — 1 , 1. 
Taking for Tthat collineation for which h = i, its inverse is T 8 for which h = — i. 
The collineation T 3 is involutoric perspective and leaves invariant A and every 
point on A' A". 

There are two other triangles which bear to the quadrangle {PQRS) the 
same relation as the triangle {ABG). On the line AA", the two pairs of points 
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AA" and the intersection of AA" with PS and QR determine an involution 
whose double points may be designated as B' and O. The two-parameter group 
G Z (A'B'G) contains three collineations which also permute the vertices of the 
quadrangle (PQRS) ; also for these k=i, —i, — 1, 1 . Another group G % (A"B" C") , 
where B" and G" are the double points of the involution on the line AA' deter- 
mined by the pairs of points A A' and the intersection of AA 1 with PQ and RS, 
contains three collineations which also permute the vertices of the quadrangle 
(PQRS). 

Theorem 46. — There are (including the identical collineation) ten collineations 
in the plane permuting the vertices of a quadrangle (PQRS). 

84. Group of Invariant Pencil of Conies. We are now in position to enu- 
merate all the collineations that transform into itself a pencil of conies through 
four points. All collineations, leaving invariant the set of four points (PQRS) 
also leaves invariant as a whole the pencil of conies through these points. There 
are two collineations of type I and period three that leave invariant one of the 
points as S and permute the other three ; hence, there are in all eight of this 
character. There are also six collineations of type I and period four that per- 
mute the four points. In addition to these there are nine involutoric perspective 
collineations, i. e. of type IV and period two, which interchange the points in 
pairs, and the identical collineation. Thus there are, all told, twenty- 
four collineations which transform into itself a pencil of conies through four 
points. These form a discontinuous group of order twenty-four G U (PQRS) . 
This group is abstractly identical with the well-known substitution group on four 
letters. 

In a similar manner, it may be shown that there is a dualistic group of order 
twenty-four which leaves invariant a range of conies touching four lines (pqrs). 

Theorem 47. — There are twenty-four collineations of the plane which leave inva- 

. . [pencil] . . {through } » (points) ., » * j „ 

riant a K \ of comes < v \ four \ r \, these form a group of order 

(range) (touching) Uines ) 

twenty-four, \ 2i ^ ^ ' \ . 
( G Zi (pqrs) ) 

§7. — Table of Groups of Collineations of the Plane. 

In this table, the collineation groups of the plane are classified according to 
the five types of collineations. Each group is designated by an appropriate sym- 
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bol. The self-dualistic groups are enclosed in brackets, thus : \ G. Z {ABC)\ ; a 

pair of dualistic groups are bracketed together, thus: ] °^ '[. Similar tables 

( C?„ (I) ) 

are given by Lie, " Continuierliche Gruppen," pp. 288-291, and by Meyer, " Chi- 
cago Congress Papers," pp. 188-190; but in these tables of Lie and Meyer the 
notation and classification is entirely different. The numbers on the right refer 
to Lie's and Meyer's tables respectively. 



(2). 

(3). 
(4). 
(5). 

(6)- 
(7). 
(8). 



(2). 
(3). 
(4). 
(5). 



Symbol. 

\G 2 (ABC)\. 
\Gz(ABl')\. 



\G i{ AB)l. 
(G^W) J. 

\GMJ")\- 
\G,{Al)\. 



\G-M)\ 

I 0,(0 



s. 



\G*\- 



{G^ABC^}. 
\Q 9 {ABT)r\. 
tG,(AB)ry 
\G 3 (U')r J. 



(2). \G 2 (AKl)\. 
(3). \G 3 (K)\. 



TYPE I. 
A. — Groups of the First Glass. 

Invariant Figure. Lie. 

Triangle (31) 

Two points, their joining line, and a line 

through one of these points (20) 

Two points and their joining line (11) 

Two lines and their point of intersection, (12) 

Point and line, separate (10) 

Lineal element (6) 

Point (3) 

Line (2) 

No invariant figure (1) 

B. — Groups of the Second Glass. 

Triangle and pencil of path-curves .... (35) 

Same as G 3 (ABl') (27) 

Same as (? 4 (AB) (18) 

Same as G^ll') (19) 

Same as (? 5 (Al) (7) 

G. — Groups of the Third Glass. 

Triangle and pencil of conies having 

double contact (35) 

Conic and point A on it and tangent at A, (34) 

Conic (23) 



Meyer. 
(23) 

(15) 
(9a) 
(9b) 

(8) 
(4) 
(2b) 
(2a) 

(1) 



(26) 

(20) 

(14a) 

(14b) 

(5) 



(26) 
(25) 
(17) 
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Invariant Figure. Lie. Meyer. 

(4). { G 3 (S)\. Lineal element Al and pencil of conies 

having third order contact at A and 

touching I (14) (11) 

(5). {G 3 (A, l")r = 2\. Same as G t (A, I") (17) (13) 

(6). \G i (Al)r= — l\. Lineal element (8) (6) 

(7). (G,(A)r=2). Point (5) (3b) 

(8). \G t Q)r=2 ). Line (4) (3a) 

TYPE II. 

A. — Groups of the First Class. 

\ Gi (ABH)\. Same as G 3 {ABT) (28) (21) 



(1) 
(2) 
(3) 
(4) 
(5) 
(6) 



f G' 3 (AB)\. Same as G i (AB) (18) (14a) 

I G 3 (W) J . Same as (? 4 («') (19) (14b) 

Gi (Al 1 ) ) . Lineal element (7) (5a) 

Gi(Bl)). " " , (7) (5b) 

\<KM\. " " (9) (7)' 



B. — Groups of the Second Glass. 

(1). \G[ (ABl>) a\. Same as G 3 (ABl') and pencil of path- 
curves . . (36) (27) 

(2). j Gi (AB) a). Same as 4 (AB) (25) (19a) 

(3). \G' z {lV)a ). Same as G A (W) (26) (19b) 

(4). J G' 3 (AV) a). Lineal element (15) (12a) 

(5). \G' 3 {Bl)a\. " " (16) (12b) 

TYPE III. 

(1). { G'{ (Al) \ . Lineal element Al and pencil of qo 1 

conies having contact of third order 
with I at A (37) (28) 

(2). | GH (Al)\. Lineal element Al and net of oo 2 conies 

having contact of second order with 
l&tA... (24) (18) 

(3). \G 3 (Al)\. Lineal element Al and oo 3 conies touch- 
ing I at A (13) (10) 
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TYPE IV. 
Invariant Figure. Lie. Meyer. 

(1). \H X (A, l)\. All points on I and all lines through A . . (38) (29) 

(2). (ff 2 (lBT) ) . The lines I and T and all points on I (32) (24a) 

(3). \h 2 (AI'B). The points A and B and all lines 

through B (33) (24b) 

(4). j E z (A)). All lines through A (22) (16b) 

(5). \ff 3 (l)). All points on? (21) (16a) 

TYPE V. 

(1). \H{ (Al)\. All points on I and all lines through A . . (39) (30) 

(2). ( JSJ (A) J. All lines through A (30) (22b) 

(3). ( Hi (I) J. All points on I (29) (22a) 

A comparison of the tables of Lie and Meyer show them to be practically 
identical ; in fact, Meyer has only put Lie's infinitesimal notation into finite 
form. A comparison of the present table with Lie's table shows some results 
worthy of notice. The most important result reached here is that every group 
is assigned to its proper type and class. This is a distinct advance upon Lie's 
treatment of the projective group. 

The groups numbered (18) and (19) in Lie's table are the groups G 3 (AB)r 
and G 3 (IT) r for all values of r . These are, in general, of type I, second class, but 
they include also the groups G 3 (AB) and G' 3 (ll') of type II, first class. The 
existence of these latter groups would hardly be suspected from Lie's or Meyer's 
formulae. 

Again, Lie's group (7) is, in general, 6r 4 ( Al) r for all values of r , but it 
also includes the groups G{ (AT) and G[ (BT) . The existence of the latter as dis- 
tinct groups is unknown to Lie's theory. 

The group G t (Al) r= — 1 , (8) of Lie's table, is only a special case of (r 4 (Al) r, 
(7) of the same table ; and, though its structure is somewhat peculiar, it is doubt- 
ful if it is worthy of special mention in the list. 
Lawrence, Kansas, May 9, 1901. 
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